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Abstract The ropelength problem asks for the minimum-length configuration of a 
knotted tube embedded with fixed diameter. The core curve of such a tube is called 
a tight knot, and its length is a knot invariant measuring complexity. In terms of the 
core curve, the thickness constraint has two parts: an upper bound on curvature and a 
self-contact condition. 

We give a set of necessary and sufficient conditions for criticality with respect to 
this constraint, based on a version of the Kuhn-Tucker theorem that we established 
in previous work. The key technical difficulty is to compute the derivative of thick- 
ness under a smooth perturbation. This is accomplished by writing thickness as the 
minimum of a C 1 -compact family of smooth functions in order to apply a theorem of 
Clarke. We give a number of applications, including a classification of critical curves 
with no self-contacts (constrained by curvature alone), a characterization of helical 
segments in tight links, and an explicit but surprisingly complicated description of 
tight clasps. 

Keywords ropelength, ideal knot, tight knot, constrained minimization, Kuhn- 
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Unlike the classical machine that is composed of well-defined parts 
that interact according to well-understood rules (gears and cogs), 
the sliding interaction of two ropes under tension is extraordinary and interactive, 
with tension, topology, and the system providing the form which finally results. 

— Louis H. Kauffman, Knots and Physics, 1992 

1 Introduction 

Our goal in this paper is to investigate what shape a knot or link attains when it is 
tied in rope of a given thickness and then pulled tight. Ignoring elastic deformations 
within the rope, we formulate this as the ropelength problem: to minimize the length 
of a knot or link L in euclidean space subject to the condition that it remain one 
unit thick. Although there are many equivalent formulations [CKS02 GM99a| of this 
thickness constraint, perhaps the most elegant simply requires that the reach of L 
be at least Here, following Federer, the reach of L is the supremal r > such 
that every point in space within distance r of L has a unique nearest point on L. Any 
curve of positive reach is C 11 , that is, its unit tangent vector is a Lipschitz function 
of arclength. 

In an earlier paper ICFK+Ool. we studied a simplified version, the Gehring link 
problem. Here the thickness constraint is replaced by the weaker requirement that the 
Gehring thickness - the minimal distance between different components of the link - 
is at least 1. Thinking of the components again as strands of rope of diameter 1, this 
means that different strands cannot overlap, but each strand can pass through itself. 
Our balance criterion |CFK + Q6l for the Gehring problem made precise the intuition 
that, in a critical configuration for a link L, the tension forces seeking to minimize 
length must be balanced by contact forces. More precisely, we defined a strut to be 
a pair of points on different components at distance exactly 1 . The balance criterion 
says that L is critical if and only if there is a nonnegative measure on the set of struts, 
thought of as a system of compression forces, which balances the curvature vector 
field of L. 

The proof was based on two main technical tools. First, we used Clarke's theorem 
on the derivatives of "min-functions" |Cla75 1 to compute the directional derivative of 
the Gehring thickness with respect to a smooth deformation of L. This is possible 
because the Gehring thickness may be expressed as the minimum of the compact 
family of smooth functions given by the distances between all pairs of points lying 
on different components of L. Second, we proved a new version of the Kuhn-Tucker 
theorem on extrema of functionals subject to convex constraints, similar in spirit to a 
version by Luenberger |Lue69|, but giving necessary and sufficient conditions for a 
strong form of criticality. 

In the present paper we adopt the same general approach to develop a criticality 
theory for the (technically much more difficult) ropelength problem. Again the main 
point is to express the thickness as the minimum of a collection of smooth functions, 
here the union of two disjoint compact subfamilies. The first subfamily is indexed by 
all pairs of points of the link L, and essentially measures the distance, but is modified 
so as to ignore pairs lying close to one another along a single component. This yields 
a C 1 -compact family of functions indexed by L x L. The second subfamily controls 
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the curvature of L, but its construction is complicated by the fact that L need not be 
C 2 . Nevertheless, since any thick curve is C 11 , by Rademacher's theorem L admits an 
osculating circle almost everywhere. Our second subfamily is indexed by the closure 
OscL of the set of these osculating circles in the space of all pointed circles in M 3 ; 
the functions simply measure the radius of each circle. 

Proceeding in this way, we formulate and prove our first main result - the General 



Balance Criterion of Theorem 4. 15 - which gives a necessary and sufficient condition 
for a link to be critical for length under the thickness constraint. As in the Gehring 
case, the condition requires the existence of a certain measure balancing the curvature 
of L, this time the sum of the strut measure and a kink measure on the space OscL of 
circles. In particular, in the case when there are no kinks, we recover the criticality 
criterion of Schuricht and von der Mosel [SvdM04|, who discussed tight knots where 
the curvature constraint is nowhere active. 

Our analysis also applies to the case where, in addition to the thickness constraint, 
the radius of curvature of the curve is constrained to be at least <j, a parameter giving 
the stiffness of the link. (Here we take a > ^fa, with a = Y2 corresponding to the 
ordinary ropelength problem.) 

The General Balance Criterion can be applied directly to curves without kinks; 
for example we classify curves with struts in one-to-one contact as double helices. 
The kink measure, on the other hand, is a bit arcane and can be difficult to work with: 
in general, L is no smoother than C 1 ' 1 , so the space OscL may be an unruly subspace 
of the normal bundle over L. For a C 2 link, of course, the kink measure reduces to 
a measure along L, but unfortunately, the only known example of a tight link which 
is C 2 is the round circle, the ropelength-minimizing unknot. On the other hand, all 
known explicit examples of tight links |CKS02 CFK+06] are piecewise C . 

With a view towards the fact that other tight links (say, the tight trefoil knot) 
may not even be piecewise C 2 , in Section[5] we impose the even milder smoothness 
assumption of regulated kinks. We conjecture that all critical links have regulated 
kinks, but an answer to this question seems far beyond our current understanding. 
For links with regulated kinks, we derive successively nicer forms of our Balance 
Criterion, concluding with Theorem 5.10 our second main result. It says the kink 
measure can be described by a scalar kink tension function - or equivalently, by a 
virtual tangent vector - along the curve. As an example, we use this theorem to 
classify all strut-free arcs in critical curves. 

At the end of the paper, we apply our Balance Criterion to describe the ropelength- 
critical symmetric clasps. A curious feature of these clasps - whose analysis is based 
on the discussion in llCFK+061 Sect. 9] - is the presence of a gap between the tips of 
the two components. In other words, there is a small cavity between two tight ropes 
of circular cross-section linked in this way. 



2 Curves and their smoothness classes 



We consider generalized links, which may include arc components with constrained 
boundary points; our links are always C 1 but not necessarily C 2 . 



4 



Cantarella, Fu, Kusner and Sullivan 



A C curve L will mean a compact 1 -dimensional C -submanifold with boundary 
embedded in R 3 . (For us, manifold will always mean manifold with boundary.) The 
curve L is thus a finite union of components, each a circle or an arc (compact interval). 
Our results are independent of orientation, but for convenience (especially in talking 
about derivatives) we fix an orientation on each component. The Euclidean metric 
on R 3 pulls back to give a Riemannian metric on L; in particular at each point ieL 
we have (up to orientation) a unit tangent vector T(x). The orientation induces a sign 
±1 on each endpoint p e dL; we write ±T for the outward tangent vector. 

Each arc or circle component of length I is of course isometric to [0,£] or R/£Z, 
respectively. Writing M for the disjoint union of these intervals or circles, the isome- 
try M — > L C R 3 is simply the arclength parametrization of L; we implicitly identify 
M with L and thus identify the arclength parametrization with the inclusion map 
y: L R 3 . While L inherits only a C 1 structure directly as a submanifold of R 3 , it 
does have a natural C°° structure: the standard C°° structure on R induces one on M 
and thus on L via the isometry. 

All standard smoothness classes of functions on L are obtained via this identifi- 
cation. In particular, given a (vector-valued) function / on L, at any iGiwe write 



for the arclength derivative of / (if this exists). Thus a C function / has a continuous 
derivative /'; for example Y(x) = T(x). 

It is a standard and straightforward fact that no regular (meaning immersive) 
parametrization of a Lipschitz curve is smoother than its arclength parametrization. 
Thus when we talk about the smoothness of L we mean the smoothness of the inclu- 
sion 7. For any C 1 curve L, we let E = El C L denote the set of points at which L 
(meaning 7) is twice differentiable. (At an endpoint xedLwe of course require only 
a one-sided second derivative.) No regular parametrization has a second derivative at 
any point of L \ E. For ie£,we write k(x) := T'(x) = y"{x) for the curvature vec- 
tor. Recall that by Rademacher's Theorem E has full measure if L is C 1 ' 1 (meaning T 
is Lipschitz). 

Lemma 2.1 Suppose : M? — > R 3 is a C 2 diffeomorphism andLc M? is a C l curve. 
Then its image tyL is aC l curve with E^l = QEl. 

Proof If 7 is the arclength parametrization of L, then <p o 7 is a regular parametrization 
of <j)L. Since its second derivative exists at all points of §El we have §El C E^. The 
reverse inclusion follows by considering L as the image of under □ 

Suppose we have a C 2 -smooth vector- valued function / : R 3 — > V on space. Its 
restriction f\ L = f o yto L is C 1 with f'(x) = D x f(T(x)) by the chain rule. Forx e E, 
the second arclength derivative along L also exists: 



We say a sequence Li,Z-2, ... of C curves converges in the C topology to a 
C 1 curve L if there are C 1 immersions 7 : L — > R 3 with images Ji{L) — Li such that 



df{x) , 



dx 



:=f'(x):=D x f(T(x)) 



f"(x)=D 2 x f(T(x),T(x)) +D x f(K(x)). 
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the maps Yi converge in C to the inclusion map y. Of course each ji has a unique 
reparametrization y,- ° 0; with locally constant speed (that is, constant speed on each 
component). Since these also converge to y, we usually assume each y- has locally 
constant speed. 



2. 1 Regulated functions and functions of bounded variation 

Two classes which will be of importance later are regulated functions and functions 
of bounded variation. While these are often discussed for functions on an interval 
in R, it is equivalent to define them on Riemannian 1 -manifolds; in our context we 
speak of submanifolds M of a C 1 curve L. (Any 1 -manifold is a countable union 
of components, each a circle or a open, half-open or compact interval.) Note that a 
submanifold M C L with empty boundary is exactly an open subset U C L \ dL. 

Let M C L be a submanifold of a C 1 curve. A regulated function on M is a 
function /: D — > W defined on a dense subset D C M whose one-sided limits exist 
at every x EM. An interior point x E M \ dM is called a jump point of / if f(x— ) 7^ 
f(x+). For e > we let J e denote the set on which the jump is large: 

J e (f):={x&M\dM:\f(x-)-f(x+)\>e}. 

If M is compact then J e is finite; for any M it follows that J £ is countable and closed 
in M (though not necessarily in L). The union J = J(f) := (JJ £ (f) C M is the count- 
able set of all jump points (which may of course be dense). Let /: M — > W denote 
any function such that /(x) € {f(x— ),/(■*+)} for each x. (Note that f = f at all but 
countably many points of D - a statement which is vacuous if D is countable.) Then 
/ is continuous on M \ J but has a jump discontinuity at each x e J. The following 
lemma is then immediate: 

Lemma 2.2 Let f be a regulated function on M. Consider the smoothings f £ :— 
f*4> e obtained by convolution with a sequence ofmollifiers. (Here f e is defined away 
from an e-neighborhood of dM.) For any i£M \ (dM U J), the continuity of f at x 
implies that f £ (x) — > f(x). In particular we have this pointwise convergence at all but 
countably many points ofM. □ 

The following lemma gives another sense in which regulated functions are close 
to being continuous. 

Lemma 2.3 Let f be a real-valued regulated function on M. For any b> a&R there 
is an open subset U dM such that 

{x : f(x) >b}dU C {x : f(x) > a}. 

Proof We may replace M by the open subset M \ to assume that all jumps of / 
are smaller than b — a. Thus any x with f(x) > b has a neighborhood U x on which 
f > a. We simply let U be the union of all such neighborhoods U x . □ 
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We will say that an absolutely continuous function g : M — ¥ M" has regulated 
derivative if its arclength derivative g' (which is defined almost everywhere) is reg- 
ulated. Note that in this case the mean value theorem implies that g'(x±) are the 
one-sided derivatives of g, so g'(x) exists if and only if g'(x+) = g'(x—). 

Lemma 2.4 Let f: (a,b) — > (c,d) be a C 1,1 diffeomorphism with l / 2 < f < 1. Its 
inverse g is also C 1,1 with 1 < g' < 2. Furthermore f has regulated second derivative 
if and only if g does. 

Proof The chain rule gives g'(f(x)) = V/'W' therefore if /' is L-Lipschitz then g' 
is 8L-Lipschitz. The second derivative g" exists almost everywhere and from the for- 
mula g" (f(x)) = — f" (x) / f (x) 3 we see that it has a one-sided limit at f(x) if and 
only if /" has a one-sided limit at x. □ 

Now consider the space BV(M,M") of functions of bounded (essential) variation, 
again on a submanifold M C L of a C curve. For k > 1 we write W k > By {M,R n ) for 
the Sobolev space of functions whose k th (distributional) derivatives (with respect to 
arclength) lie in bv(M,M"). We write BVi oc (M,M") for the space of functions with 
locally bounded variation in M, and similarly for v (M, M" ) . We recall a few facts 
about BV functions. 

- Any / e BV] oc (M,]R") (after modification on a set of measure zero) is regulated, 
i.e., has only jump discontinuities. 

- We have / g BV] 0C (M,]R") if and only if its distributional derivative is a vector- 
valued Radon measure (with atoms at the jumps of /). 

- Any function g G Wj^ c BV (M,K") is locally Lipschitz continuous. 



3 Thickness, reach and curvature 

Let L be a C 1 curve in R 3 . At any interior point x G L, the tangent cone T X L is the 
line through x tangent to L. At an endpoint x G dL of an arc component, T X L is the 
(inward) tangent ray. The normal cone N X L is 

N X L:= {pel 3 : (p-x,q-x) < for all q G T X L} . 

At an interior point this is the normal plane, while at an endpoint x G dL it is a closed 
halfspace. (These cones are the translates by the base point x of the corresponding 
cones given by [Fed59| for general closed subsets of M".) 

If p ^ N X L, then there are points near x in L which are closer to p. Thus if (x,y) is 
a local minimum for \x — y\ onLxL (away from the diagonal), then (x,y) is a critical 
pair in the following sense: 

Definition 3.1 A pair of distinct points x,y G L is a critical pair if x G N y L and 
y G N X L. We denote the set of all critical pairs by Crit(L). 



Federer's definition |Fed59] of reach can be phrased as follows: 



Ropelength criticality 



7 



Definition 3.2 Given a link (or indeed any closed set) Lcl , its medial axis is the 



set of points p g Mr for which the nearest point x £ L is not unique. The reach of L, 
reach(L), is the distance from L to its medial axis. 

Of course, a closed subset Lei 3 has infinite reach if and only if it is convex. For 
curves, this means reach(L) = °o if and only if L is a connected straight arc. We will 
often exclude this trivial case, for instance when discussing derivatives of reach. 

The following alternate characterization of reach is an immediate corollary of 
HFed59l Theorem 4.8]. 

Lemma 3.3 IfL is a C l curve in R 3 then the reach ofL equals the infimal r > such 
that there exist x ^ y £ L and p £ N X L with \p — x\=r=\p — y\. □ 

For distinct points x, y £ L, let C(x,y) denote the circle through y tangent to L at x. 
By plane geometry, its radius is 

lX ~ yl -:r(x,y), 



2 cos \j/(x,y) 



where \j/(x,y) £ [0, denotes the angle between the normal plane to L at x and the 
segment xy. (Our notation here suppresses the dependence on L, in particular on T X L.) 

To properly handle endpoints of generalized links, we also need variants of these 
functions. So consider now circles in the plane of T X L and y, passing through x 
and y. Let C*(x,y) denote the smallest such circle whose center lies in N X L. Then 
C* (x,y) — C(x,y) except when x £ dL and y £ N X L, in which case C* (x,y) is a circle 
with diameter xy. The radius of C*(x,y) is 

■ V ~ V -:r*(x,y)<r(x,y), 



2 cos \jf*(x,y) 



where \j/*(x,y) £ [0, 71 fa] denotes the angle at x between N X L and the segment xy. 
Thus yr* = for y £ N X L and y/* = 71 / 2 for y £ T X L. Furthermore i/a* (x,y) = yf(x,y) 
if x is an interior point. 



Lemma 3.3 can now be rephrased as follows: 
Corollary 3.4 IfL is a C 1 curve in M? then 



reach (L) = inf r (x,y) = mini inf r(x,y), inf r (x,y)). 

x^yeL ' \x^yeL x^yeL ) 

xedL 



Proof Any point p £ N X L as in Lemma 3.3 is the center of a circle through x and y; 



hence |/? — jcj > r*(x,y). Conversely, the center of any C*{x,y) is such a point p. This 
gives the first equality. The second follows from the fact that r*(x,y) < r(x,y) with 
equality unless x £ dL. □ 

(For closed curves, this was also the first statement in [CKS02, Lemma 1]. The 
proof of the later parts of that lemma should have been more careful about the treat- 
ment of points where L is not twice differentiable.) 

For any C 1 link L, the angles \j/ and y/* extend continuously to the diagonal, since 
lim y ^. x y(x,y) = 71 ji = lim y ^ x \jf* (x,y). But without additional smoothness of L, the 
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functions r and r* do not extend. For smooth curves, of course, it is a standard fact 
that as y — > x, the circles tangent at x through y approach the osculating circle at x. 
For completeness, we verify that the existence of a second derivative at x is sufficient 
for this: 

Lemma 3.5 Suppose L is a C l curve with curvature vector K at a point xG E L . Then 
limr(x,y) = timr*(x,y) = V|k|- 

y^tx y^tx 1 

Proof First note that for y sufficiently near x, we have y ^ N X L so (x,y) = y/(x,y) 
and thus r*(x,y) = r(x,y). Assume x = € M? and let 7 be an arclength parametriza- 
tion around x so 

7(0) = 0, y>(0) = T = T(x), f(0) = K. 
Taylor's theorem implies that 

s 2 

Y(s)=sT+-K + o(s 2 ). 
For y = 7(5), we can compute y from the equation \T x y \ = \y\ cos yr(x,y). We get 



Lemma 3.6 Suppose a C 1 curve L is twice differentiate at x e El, and suppose 
y e L\N X L. Fix the orientation at x such that (T(x),y — x) > 0. Ifr(x,y) < °° then 
the partial derivative d /g x r ( x ,y) exists, with 

dr 

— < (r(x,y)\K(x)\-l)tany(x,y). 
Proof From plane geometry, the rotation speed of the vector x — y is 



x — y 



dx \ \x — y\ 



1 



2r(x,y) ' 



The normal plane N X L of course turns at rate | k(x) \ . Comparing these rates gives 
1 1 . ,, dw(x,y) 1 I / x 1 



2r(x,y) 1 1 ~ dx ~ 2r(x,y) 

On the other hand differentiating the definition of r gives 

dr(x,y) 1 dw 
— = --tany/ + rtany/^r-. 
dx 2 dx 

The desired inequality follows at once. □ 
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3.1 Penalized distance 

In order to apply Clarke's theorem to compute the derivative of reach(L) under a 
smooth deformation of L, we must express the reach of L as the minimum of a C 1 - 
compact family of functions. For a closed C 2 curve L, we could simply extend r 
continuously to the diagonal x = y by the last lemma, and get a compact family 
parametrized by L x L. The three -point curvature of [GM99a| gives another approach 
that could also be used for C 2 curves. Unfortunately, the examples of |CKS02] show 
that even ropelength minimizers may fail to be C 2 . 

On the other hand by [CKS02 Lemma 4], the reach condition implies that L is 
C jl , hence twice differentiable almost everywhere by Rademacher's theorem; this 
turns out to be enough to make Clarke's theorem work using a more technical ap- 
proach, as follows. First, if the infimal r is achieved, then it is achieved for a critical 
pair (x,y), where r = l* - ?!^. To avoid the problem that the infimum might also be 
achieved at noncritical pairs, we define a penalized distance function that achieves its 
minimum only on critical pairs. Second, if the infimal r is not achieved, then it is ap- 
proached in the limit asj^ x. Intuitively, this should happen at a point of maximum 
curvature, but in fact L might not even be twice differentiable at the limit point. To 
handle this limiting behavior near the diagonal, we will look at the set of osculating 
circles (at points where L is twice differentiable) and compactify it within the space 
of all pointed circles in space. 

Definition 3.7 Given a link L, the penalized distance between two distinct points 

x,y £ L is 

pd(x,y) := \x — y\ sec 2 yr(x,y) = 2r(x,y) sec \j/(x,y). 

For j = x, we set pd(x,x) = °°. When we want to emphasize the dependence on L, we 
will write pd L (x,y). Similarly the penalized endpoint distance is 

pd*(x,y) := \x— y\ sec 2 y/*(x,y) — 2r* (x,y)sec y/*(x,y) <pd(x,y). 

For y = x, we set pd* (x,x) — °°. Of course pd* (x,y) = pd(x,y) except when x £ dL. 

Lemma 3.8 Given a link L of positive reach, the penalized distance is a continuous 
function from Lx Lto (0, °°]. Similarly, the penalized endpoint distance is continuous 
on dL x L. 

Proof First, we note that the angle y/(x,y) (extended to be ^ on the diagonal x = y) 
is continuous. The formula for pd(x,y) shows it shares this continuity away from the 
diagonal x—y. But we also have continuity on the diagonal, since r > reach (L) > 0, 
while y/ approaches 71 /2 as (x,y) — > (z,Z). 

On the other hand the penalized endpoint distance pd* (x,y) is merely lower semi- 
continuous, since it equals pd(x,y) away from endpoints x £ dL but can jump down 
there. But the continuity claimed here is easy: for fixed x £ dL, the angle \j/*(x,y) is 
continuous in y, and the rest follows as above. □ 

Lemma 3.9 Suppose < reach(L) < °°. We have pd* (x,y) > 2 reach(L) for all x,y £ 
L; equality can hold only if x,y is a critical pair. 
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Proof Clearly pd*(x,y) > 2r*(x,y), with equality only when \]/*(x,y) = 0, that is, 
when y g N X L. Since r*(x,y) > reach(L) by Corollary 3.4 it only remains to show 
that x £ N y L in the case pd*(x,y) = 2reach(L). If not, there is a tangent vector T 
to L at y such that (x — y,T) > 0. The directional derivative of \x — y | in the direction 
T is negative; since y/*(x,y) = 0, the directional derivative of pd*(x,y) is the same 
negative value, contradicting the fact that pd*(x,y) = reach(L) is a minimum. □ 



3.2 Osculating circles 

Now we consider the space C3 of all oriented pointed circles in M 3 , which we identify 
with R 3 x TS 2 by taking (p,C) to correspond to (p; T, k) £ R 3 x TS 2 , where T is the 
oriented unit tangent to C at p and K is its curvature vector there. Let R(p, T,k) := 
<= (O, 00 ] be the radius function. In this formulation the circles C may degenerate 
to lines, with K = and R = °°. Let TI be the projection II : (p, C) H> p. 

Given a C 11 link L, the set E on which the second derivative exists has full mea- 
sure. Note that the minimal Lipschitz constant Lip(T) for the tangent vector as a 
function of arclength is exactly sup £ |?c|. We let OscL C C3 be the set of all osculat- 
ing circles: 

OscL:= {(x,T(x),K(x)) :xeE} cC 3 . 



Its closure OscL is a compact subset of C3 since |fq is bounded on E. Note that 
T = T(x) for any (x,T, k) € OscL, while of course K _L T is some normal vector; 
thus we can view OscL as a subset of the normal bundle to L. 

For x £ L, we set OscL T := OscLnfI _1 {x}. Since E C L is dense, it follows that 
OscL A is nonempty for every point x £ L. Thus for x £ L we may define 

p(x) := min R = ( lim |(c(y)| 



OscL r \E3y- 

Note that p is essentially a Clarke upper derivative of the tangent vector T. Clearly 
p is lower semicontinuous. For x £ E we have p (x) < l /\ K t x )\, but equality might not 
hold. 



Lemma 3.10 IfL is a C ' curve and c £ OscL then R{c) > reach(L). 

Proof By continuity of R, it is enough to prove this for osculating circles c £ OscL. 
There it follows immediately from Corollary |3.4| and Lemma [33] □ 

Lemma 3.11 Ifr(x,y) = reach(L) with y N X L, then p(x) — reach(L). 

Proof If not, we have r(x,y) < p(x), in which case by lower semicontinuity of p 
there is a neighborhood U of x in L such that rjx 1 ,y) < p{x') for x' £ U. At any 



x 1 £ E n U we have r(x' ,y) | k(x') | < 1, so by Lemma 3.6 we get ^ r /g x < 0. Since L is 
C 11 , the function r is Lipschitz (at least locally where it is finite), so its values near x 
can be computed by integrating this derivative. But this contradicts the fact that r is 
minimized at x. □ 
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Remark 3.12 In fact under the hypothesis of Lemma [3.1 1| the arc of L from x to y (in 
the direction of the tangent T at x with (T,y — x) > 0) must be an arc of a circle, but 
we will not need to invoke this stronger statement. 

Lemma 3.13 Suppose y is a subarc of L joining x to y with length at most %r(x,y). 
Then sup^ |»c| > l / r (x,y)> so inf rP ^ r ( x ^)- 

Proof In the case r(x,y) — °° there is nothing to prove. Otherwise, for convenience 
we rescale so that r(x,y) — 1 and translate so that C(x,y) is centered at the origin. 
Letting B denote the open unit ball, C(x,y) is then a great circle on dB. 

First suppose there is a subarc a C 7 disjoint fromB and with endpoints a,b £ dB. 
Then a has length at most % but at least that of the great circle arc from a to b. Let /3 
denote the extension of this latter arc (within the same great circle) with one endpoint 
at a and having the same length as a. Since this is still less than a semicircle, the 
distance between the endpoints of /3 is at least \a — b\. Applying Schur's compari- 
son theorem to a and j3, we conclude that the curvature of a is somewhere at least 
that of j3, i.e., that sup a |jc| > 1 as desired. (In |Sul08|, we show that the standard 
proof QChe671 of Schur's theorem for smooth curves actually applies to all V^ l BV 
curves, that is to all curves of finite total curvature. In particular, it applies to C 1,1 
curves, with the curvature comparison being between the measures \k\ ds.) 

If there is no such subarc, then B n 7 is dense in 7. In particular there is a sequence 
Xi € yd B with x; — > x. It now suffices to show Urny-**] Jf(y) > 1. 

The function f(p) := \p\ 2 -l isC u along L with f(x)=0 — f'(x). Since /(x,) < 
there is some yi between x and xt with fiyi) < 0, and thus some Zi between x and y, 
such that f"(zi) < 0. In fact the set of such z, has positive measure, so we may choose 
Zi € E. Then by the chain rule, 

f"(Zi)=2(l + (z i ,K(Zi)))>2{l-\z i \\K(Zi)\), 

so we find that |k"(z,)||z,| > 1. Since \zt\ — > 1, we have lim|fc| > 1 as desired. □ 



3.3 Thickness and stiff ropes 

We can now prepare for the application of Clarke's theorem by expressing the reach 
of L as the minimum of a family of functions parametrized by the disjoint union 
(LxL)U OscL: 

Proposition 3.14 For any C 1 ' 1 curve L, 

reach(L) = mim l / 2 minpd*(x.y), minp \ = min\ l / 2 minpd*(x,y), min R(c) >. 

I x.yEL ' L J I x.yeL ceOscL > 

Proof The right-hand sides are equal and by Lemmas |3.9| and |3.10 they are at least 
reach(L). It remains to prove that either 2reach(L) = pd*(x,y) for some x,y £ L, or 
reach(L) = R(c) for some c g OscL. 

By Corollary |3.4| we can find a sequence (xi,yi) with r*(xi,yi) ~^ reach(L). By 
compactness, a subsequence converges to some pair (x,y). We consider three cases. 
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First, if x ^ y and y G N X L then y/*(x,y) — 0. Therefore, pd*(x,y) — 2r*(x,y) = 
2 reach (L). 

Second, if x ^ y and y ^ N X L, then by Lemma |3.11| we have reach(L) = p(x), 
which is the radius of some circle in OscL A by compactness. 

Third, if x = y, then for large i the subarc y, from x\ to y,- satisfies the length bound 
of Lemma 3.13 Applying the lemma, we find a point z,- e nZs with V|k(z,-)| — 
K^nyi) + Vi- Since zi — > x while r(jc;,y,-) — > reach(L), we conclude as desired that 
p(x) < reach (L). □ 

Proposition |3. 14| permits us also to model stiff ropes, which cannot bend as much 
as the reach constraint permits. 

Definition 3.15 If L is a C 1 ' 1 curve and a > we define the c-thickness of L as 



Thio-(L) := min |2reach(L), y^minpl. 



We note that a link with Thi CT > 1 cannot have an osculating circle with radius less 
than a. We specify a > 1/j because otherwise this formula would simply give twice 
the reach. (It is tempting to try to define a thickness for a < ^ by combining the 
curvature term with a minimum distance of critical pairs. But this is unphysical in the 
sense that it permits the thick rope to penetrate itself near points of large curvature; 
furthermore it is not amenable to our analytic formulation since it is not bounded by 
reach.) 

The next result writes thickness as a "min-function", which will let us apply 
Clarke's theorem. 

Corollary 3.16 For any link L and any o > Y2 we hove 
Thi CT (L) = min < minpd*(x,y), Y^minp > 

I x.yGL L J 

= min^ minpd(x,y), minpd*(x,y), l / a mmp \. 

Ix.veL xedL L J 

yeL 



Proof The first equality follows immediately from Proposition 3. 14 The second fol- 
lows from the fact that pd* (x,y) < pd(;c,y) with equality unless x e dL. □ 

Clearly for any a we have Thi a (L) = °° if and only if L is a connected straight 
arc, since this is true of reach(L). From Lemma 3.9 and the definition of c-thickness 
we immediately get: 

Corollary 3.17 Suppose < Thi^L) < 00. If x,y £ L satisfy pd*(x,y) = Thi^L) 
then Thi CT (L) = 2reach(L), so (x,y) E Crit(L). □ 

Definition 3.18 We refer to pairs (x,y) e Crit with pd*(x,y) = Thi CT (L) as struts; 
and to circles c E OscL such that R(c) = oThi a (L) as kinks. We denote the sets of 
struts and kinks by 



Strut = Strut (L) C Crit CixL, Kink = Kink(L) c OscL C C3 . 



Thus the <7-thickness of L is realized exactly at the struts and kinks. 
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Every kink is a circle of the same radius a, indeed it is a point in C3 of the form 
(x,T(x),n/(j) with \n\ = 1. Thus we identify it with (x,n), and we can and will view 
Kink(L) as a subset of the unit normal bundle to L. But without additional smoothness 
assumptions on L it is hard to say anything about the possible structure of this kink 
set. 

The c-ropelength problem is to minimize length subject to the condition Thi CT > 
1. For a closed link L, we minimize over the usual link type [L]. When L includes 
arc components, we constrain each endpoint p € dL to lie in an affine subspace 
(of dimension 0, 1 or 2). Furthermore we allow for Neumann or first-order boundary 
constraints by specifying that the tangent vector T(p) at each endpoint stay in a linear 
subspace Hi; we consider only the cases of fixed tangents (dimHp = 1) and free 
tangents (dim// ; ' = 3). We define the constrained link type [L] (as in llCFK + 06l 
Section 8]) by requiring that each endpoint p stay on H®, with tangent T(p) £ Hp, 
during any isotopy. (Of course it would be easy to allow more general constraint 
manifolds but we will not need this for our examples.) 

To prevent isotopy classes from being too large, we could also include obstacles 
for the curve, as in [CFK + 06|. The resulting wall struts in the criticality theory work 
just as in the Gehring problem considered there. However, in the examples we have 
in mind (like the simple clasp) the obstacles are never active constraints, so the wall 
struts are not needed. Thus we leave this extension of the theory as a straightforward 
exercise for the reader. 

Definition 3.19 Suppose Thi CT (L) > 1. We say that L is a ropelength minimizer con- 
strained by ci-thickness (or, for short, a Thi^ -constrained minimizer) in its (possibly 
constrained) link type [L] if it minimizes length among all curves in [L] with Thi CT > 1 . 
We say L is a local minimizer if it minimizes length among all curves with Thi CT > 1 
in some C 1 -neighborhood. 

Proposition 3.20 The thickness Thi CT is upper semicontinuous with respect to the C l 
metric on the space ofC 1,1 curves L. 

Proof By definition, Thi CT is the minimum of reach(L) and a scaled radius-of-curva- 
ture term. Federer has shown [Fed59 Theorem 4. 13] that reach(L) is upper semicon- 
tinuous even with respect to the topology induced by Hausdorff distance. 

Thus it only remains to check that min^ p is semicontinuous with respect to C 1 
convergence of L. Since this is a local function, it suffices to consider a connected 
curve L. Suppose L; are C > curves converging to L. As we have noted earlier, we 
may assume that the convergent C 1 maps y ■ L — > Li each have constant speed v; (with 
v, — » 1 of course). Now by the lower semicontinuity of Lipschitz constants, we have 

(minp) 1 = sup J k(x) | = Lip(T) < limLip(')/) = limv^ sup| Kj(x) | 
L xeE ' " xeE t 

= lim(vf)lim(minp 1 ') 1 = limfminp,) 1 



which yields the desired conclusion. 



□ 
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We now prove the existence of thickness-constrained minimizers, under a mild 
technical hypothesis that prevents the length of any component from shrinking to 
zero. Since a circle component of thickness Thi CT > 1 necessarily has length at least %, 
we only have to worry here about arc components. An arc component with endpoints 
p and q clearly has length bounded away from if the constraints H p and H q are 
disjoint. 

Corollary 3.21 Suppose the constrained link type [L] contains at least one curve L 
with Thi<j(L) > 1, and suppose that, in at least one length-minimizing sequence L,- of 
such curves, the length of each component stays bounded away from zero. Then there 
exists a O '-thickness constrained minimizer in [L]. 

Proof We may assume the L, are parametrized at locally constant speed on a common 
domain (say L\). By Arzela-Ascoli we may extract a subsequence converging in 
C 1 to a limit curve Lq. (If the link L is split, we assume without loss of generality 
that the various pieces stay within a common ball while they shrink .) Be cause the 
convergence is in C 1 , we have len(L,) — » len(Lo), and by Proposition 



3.20 



we know 

Thi CT (Lq) > limThi CT (L,) > 1 . That the endpoints of L still satisfy the given constraints 
is clear. Finally, by C 1 convergence, Lq is isotopic to all but finitely many of the L, 
and in particular, Lq € [L] . □ 



4 The general balance criterion 



We give an analytic condition, Theorem 4.15 that is both necessary and sufficient for 
a general curve to be critical for d-ropelength (subject to the ancillary condition of 
Thi (j -regularity). The condition may be viewed as an equation of vector distributions 
on R . The approach follows the one we used in jCFK+ 061: using Clarke's Theo- 
rem 4. 1 we compute the derivative of the thickness of a curve L under a variation 



induced by a smooth vector field | ; then we apply the Kuhn-Tucker theorem. 



4. 1 The derivative of thickness 

Here we give a formula for the first variation of the c-thickness of L, which will be 
key to the technical definition of criticality for length subject to thickness constraints. 
The proof is an application of a theorem of Clarke |Cla75| on the directional deriva- 
tives of a function g that may be expressed as the minimum of a C 1 -compact family 
{g u } of C 1 functions. Essentially this theorem states that the directional derivative 
of g at a point x is the minimum of the directional derivatives of those g u for which 
gu(x) = g(x). In our case, this will mean that the first variation of thickness in the 



direction of a deforming vector field is given (in Theorem 4.5 i as the minimum of the 
derivatives of the strut lengths and kink radii. 

We use Clarke's theorem in the following special case: 

Theorem 4.1 (Clarke) Let U be a sequentially compact topological space. Suppose 
that for each u € U and some £ > there is a C l function g u : (— £, e) — > K such that 
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the functions (t,u) i— > g u (t) and (t,u) <-> g' u (t) are continuous. Then, putting g(t) 
min„ e j/g ( ,(f ), the right derivative of g exists at every to € (—£,£) and is given by 



dr 



= mm {sL(/o) : u G U,g„(t )=g(to)}. 

t=to 



That the minima exist (in the definition of g and the formula for its derivative) 
as opposed to infima, is of course an immediate consequence of the compactness 
hypothesis. 

We have previously expressed thickness as the minimum of penalized distances 
between pairs of points on our curve and scaled radii over the closure of the set of 
osculating circles to L. It will be easy to differentiate penalized distances as we vary 
our curve, but somewhat more complicated to differentiate radii of curvature. We now 
turn to the task of defining and computing these derivatives. 

While the main technical difficulties we face in this work are due to the fact that 
our curves may fail to be C 2 , when we consider derivatives, it suffices to consider 
variations arising from smooth deformations of the ambient space M 3 : our balance 
criteria show that criticality just with respect to such variations suffices to get balanc- 
ing measures. 

We start by noting that any C 2 diffeomorphism : M? — > M? induces a diffeo- 
morphism 0* on the space C3 of pointed circles: 0*(;e,C) is the osculating circle at 
0(x) to the C 2 -smooth curve 0(C). Working in the coordinates (x,C) = (x,T,k) of 



Section 3.2 it is clear that maps this circle C to a curve with velocity v := D x (T) 
and acceleration a := D 2 <j)(T,T) +D t 0(k"). Thus 



( , , s v a (a,v)v 



Expressing the length of the new curvature vector in the usual way in terms of the 
vector cross product gives 



A'iO.iA.V.K-;) 



|vxa| \D x (p{T) x (D 2 <l)(T,T) +D x <p{K))\' 

Now consider a C'-smooth family of C 2 diffeomorphisms r with 0° = Id. The 
initial velocity -J^-L =0 will be some C 2 vector field E,. We get a C 1 -smooth family 
0^ of C 2 diffeomorphisms of C3, whose initial velocity is a C 2 vector field on C3 
depending only on The formula we need expresses the derivative of the radius 
function R in the direction ^ in terms of the given vector field % and its spatial 
derivatives. 

Lemma 4.2 Given a C 1 -smooth one-parameter family ofC 2 diffeomorphisms 0' with 
initial velocity the time derivative of the radius function R (where this is finite) is 

S^R{x,T,k) := D {x>TiK) R(&) =2R(T,D x $(T)) -R 3 (k,D%(T,T) +D x $(k)). 
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Proof By smoothness, the time derivatives commute with spatial derivatives. From 
<j)° = Id we see = Id and D 2 (j) = 0. Thus we can write 8^R(x, T, k) as 

3(r,D T |(r)) (Txk,D x Z(T)xk + Tx(1%S(T,T)+D x Z(k))) 
\Txk\ ~ l^x^l 3 

= 3R(T,D^(T))-R 3 (^T,D^(T))(k,k) + (k,D^(T,T)+D^(k))^, 

using the facts that \T\ = 1 and \T x k\ = l / R . Since (k,K) = R~ 2 , this reduces to the 
formula given. □ 

Of course if (x, T, jc) is the osculating circle to L at a point x € E, then the quantity 
D 2 E, (T, T) +D X E, (k) appearing here is simply the second derivative tj' of E, along L. 

Corollary 4.3 Suppose L is a C 11 curve and ^ a C 2 vector field on space. At any 
point x G El with osculating circle c = (x, T, k), K ^ 0, we have 

8^R(c)=2R^',T)-R\^",k). 

Lemma 4.4 Suppose L is a C 1,1 curve and (j): K 3 — > M? is a C 2 diffeomorphism. 
Then ^(OscL) = Osc0L. 

Proof By Lemma 2.1 we know (j)Ei = E^. Thus 0*(OscL) = Osc0L; since 0* is a 
homeomorphism, it follows that 0* (OscL) = Osc (j)L. □ 

We are now ready to apply Clarke's theorem. 

Theorem 4.5 Let <j> f fort G (— e,e) be a C 1 -smooth family ofC 2 diffeomorphisms of 
M? with 0° = Id, and let £ be the initial velocity vector field 

dt t=0 

Let L be a C 1 ' 1 curve with reach(L) < oo. Then the function 1 1— > Thi (r (0 f (L)) is dif- 
ferentiate from the right at t — 0, with right-hand derivative 



</Thi ff (0'(L)) 
SgThi ff (L).= — 



mm 



f=0 

\ I X—y „ „ \ 1 



min 8^R(c)). 



v (x,v)eStrut(Z) 2 \ |jf — y\ 

Proof We will apply Clarke's Theorem|4. l|to a family of functions of t parametrized 



by the compact space Lx LU OscL. The functions are the following: for (x,y) G 
L x L we use t i-» pd^ ^ ((j)' (x) , (j)' (y)) , and for c G OscL we use f i-» 1 / fT /?(0'(c)) 
These functions are C 1 and both they and their derivatives depend continuously on 
the parameters, so Clarke's theorem applies. 

and the definition 



By the lemma, ^(OscL) = Osc0L'. Thus by Proposition 



3.14 



of Thi CT , the minimum of our Clarke family is the thickness Thi CT (0'(L)). Clarke's 
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Theorem thus shows that thickness has a forward time derivative given by the mini- 
mum derivative of pd(x,y) or R/a where these functions equal thickness. 

By Corollary |3.17| struts are critical pairs: we have pd(x,y) — Thi^L) only if 
(x,y) £ Crit. Differentiating the formula defining pd(x,y), using the fact that y/(x,y) = 
0, we see that the derivative equals the derivative of \x — y\/2 given above. □ 

Since superlinear functions may be characterized as infima of families of linear 
functions, we immediately get: 

Corollary 4.6 Suppose L is a C 1,1 curve with reach(L) < °°. Then the operator t, \— > 
8^ Thi CT (L) is superlinear. That is, for a > and vector fields B, and r\, we have 

S ai Thi CT (L) = aS^ Thi(j (L) , % +I) Thi a (L) > % Thi CT (L) + 5„ Thi CT (L) . 
4.2 The balance criterion 

Having computed the derivative of the function Thi<j representing the one-sided con- 
straint, we can now start to formulate our balance criterion. Recall that in a con- 
strained link type, each endpoint p e dL is constrained to lie in a subspace H p . 

Definition 4.7 Let L be a C ' curve in the constrained link type [L], Suppose 77 is a 
C 1 vector field along L (for instance the restriction of C 2 field on M 3 ). We say f] is 
compatible with [L] at L if at each endpoint p £ dLwe have that 7} is tangent to H® 
and that f]'{p) = D p rj(T) G ffi. Assuming reach(L) < 00, we say that L is Thio-- 
regular if it has a thickening field, meaning a compatible C 2 vector field on M? with 
8r,TM a (L)>0. 

Regularity is a form of constraint qualification; we will use it for instance to 
show that minimizers are critical points. Note that for a classical link type (with all 
components closed curves), any L with Thi^ > is Thifj-regular: the Euler vector 
field T] p := p generating homotheties is a thickening field. Regularity is also easy to 
check for many examples of constrained links. 

Definition 4.8 Suppose Thi a (L) = 1. We say L is a -critical if 

8^ len(L) < =>> % Thi CT (L) < 

for every compatible % E C 2 (L,R 3 ). We say L is strongly (7-critical if there exists 
e > such that 

%len(L) =-1 =*> Thi CT (IS) < e 
for every compatible | e C 2 (L,R 3 ). 

Clearly strong criticality implies criticality. Under the assumption of Thi ff -regu- 
larity they are in fact equivalent. 

Lemma 4.9 IfL is 1Yi\ a - regular and O-critical, then L is in fact strongly O-critical. 
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Proof Let r\ be a thickening field for L. Scaling tj if necessary, we may assume that 
5j)len(L) < ^ Thus for £ as in the definition of strong criticality, 8^ +rj \zn(L) < 



1/2- Using the superlinearity of Corollary 4.6 and the criticality of L, we get 



> 5 {+ „ Thi B (L) > % Thi a +8r, Thi a . 

Thus we may take e := —5^ Thi a (L). □ 

The next two lemmas characterize Thi a -constrained local minimizers L. In the 
trivial case when Thi CT (L) > 1, the thickness constraint is not active; if Thi CT (L) = 1 
and L is Thi,j-regular, then it is critical. 

Lemma 4.10 IfL is a Thi a -constrained local minimizer with TY\i a (L) > 1, then each 
component ofL is a straight arc. 

Proof Since the constraint Thifj > 1 is not active at L, the curve is a local length 
minimizer without constraints. Thus 8^ len(L) = for all compatible so L has zero 
curvature everywhere. □ 

Lemma 4.11 IfL is a Th\ a -constrained local minimizer with Thi a (L) = 1, and L is 
Thi CT - regular, then L is (strongly) a -critical. 

Proof Suppose ^ is a compatible vector field such that 8^ len(L) < 0, but 8^ Thi^ > 0. 
Let 7] be a thickening field, and choose c > small enough that 8^ +crj len < 0. By 



Corollary 4.6 we see 8^ +crt Th\ a > 0. Hence there are nearby curves in the same 
constrained link type with Thi CT > 1 but with smaller length, which is a contradiction. 

□ 

The rest of our results deal with strongly a-critical curves L with Thi<j(L) = 1, 
and thus apply to all Thi CT -regular local minimizers (ignoring the trivial case of min- 
imizers with Thi(j(L) > 1, classified above). Our main theorem, the General Balance 
Criterion, says that a link is strongly critical if and only if it is balanced by certain 
measures on the kinks and struts. 

Definition 4.12 Let L be a C 1 ' 1 link. A kink measure for L is a nonnegative Radon 
measure on Kink(L). A strut measure for L is a nonnegative Radon measure on 
Strut(L) C Lx L that is invariant under the interchange map (x,y) H> (y,x). Given 
a strut measure pt on Strut(L) we define the associated strut force measure Q. on 

L to be the vector- valued measure obtained by projecting the vector-valued Radon 
measure 2(x — y)jj.(x,y) to L via (x,y) M-x. Thus 



Strut(L) 



(x-y,$ [ -$ y )d l i(x,y)= J(Z,dQ). 



Physically one should think of a strut measure as a system of compressions on 
the points of self-contact of the embedded tube around L, or alternatively on certain 
compression-bearing elements of length 1 connecting critical pairs of L. The strut 
force measure then gives the resultant force along L itself. The physical interpretation 
of the kink measure is more elusive in general. 
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Definition 4.13 AC 11 link L with Thi CT (L) = 1 is a -balanced if there exist a strut 
measure jj, (with strut force measure Q) and a kink measure v for L such that for any 
compatible vector field % we have 

5 ? len(L)= f(^,dQ) + [ 8^R(c)dv(c). 

JL VKink(L) 

We refer to this as the balance equation. Note that it may be viewed as an equa- 
tion of distributions acting on vector fields t, : M? — > M 3 . The kink term has distri- 
butional order 2 by Lemma 4.2 while the other terms have order 0: in particular the 
variation of length can be written as 

5 { len(L)= / "(<*' \T)ds = - I ds + £ (S,±T), 

pairing | with a vector-valued Radon measure which is absolutely continuous on the 
interior and has outward-pointing atoms at each endpoint. 

The General Balance Criterion is an application of the following version of the 
Kuhn-Tucker theorem from linear programming, which we proved in |CFK+06| fol- 
lowing ideas of |Lue69l . As usual C(Y) denotes the space of continuous functions on 
a space Y. 

Theorem 4.14 Let X be any vector space and Y be a compact topological space. For 
any linear functional f on X, and any linear map A : X — > C(Y), the following are 
equivalent: 

(a) There exists £ > such that for each B, £ X with /(§) = —1 there exists y € Y 
with (A%)(y) < -£. 

(b) There exists a nonnegative Radon measure /i on Y such that /(£) = f Y A(^)d^l 
for all %eX. 

a 

Theorem 4.15 (General Balance Criterion) A link L with Thi CT (L) = 1 is strongly 
O-critical if and only if it is O-balanced. 



Proof We apply Theorem 4. 14| with X being the space of compatible vector fields | 
and / the linear functional /(£) := 5^1en(L). The idea is to capture the derivative 
<5,e Thi CT (L) as the minimum value of a continuous function A(£). Thus following 
Theorem [45] we take Y := Strut U Kink and define A : X -> C(Y) via 

\o- l 8tR(c), ceKink. 



The conclusion of Theorem 4.14 is then exactly that L is strongly critical if and only 
if it is balanced. □ 

The special case of a critical knot with no kinks was analyzed by Schuricht and 
von der Mosel [SvdM04|. Of course in this case our balance criterion reduces to 
theirs, involving only the strut measure. 
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Proposition 4.16 Suppose L is a critical link for the Gehring problem of minimizing 
length subject to maintaining distance 1 between components. If for some O > Y2 we 
have Thi a (L) > 1, then L is also O -critical. 

Proof The main theorem of llCFK + 06 1 gives a stmt measure on the set of Gehring 
struts (connecting points at distance 1 on distinct components). Under the assumption 
that Thi(j(L) > 1, these Gehring struts are also struts in our sense. Even if there 
are kinks or further struts (bewteen points on a single component) the Gehring strut 
measure alone balances the link, so by the General Balance Criterion it is a -critical. 

□ 

Consider for instance, the known minimizing links from |CKS02 |, where each 
component is a convex planar curve built from straight segments and arcs of unit 



circles. By Lemma 4.11 they are 1 /2 _ critical. The same strut measure that balances 
them for the Gehring problem ||CFK + Q6l also shows they are (7-balanced for any 
a < 1. (For (7=1 the curved sections are kinks and balance can be achieved in other 
ways as well.) 



4.3 Kink-free arcs with special strut patterns 

The kink term in the General Balance Criterion is a bit arcane; in Section [5] we will 
give nicer versions under certain minimal smoothness assumptions. But of course the 
kink term is irrelevant along kink-free arcs (or even kinked arcs over which the kink 
measure vanishes), so we can apply the General Balance Criterion directly. 

Lemma 4.17 Suppose L is o -balanced and A is an open subarc over which the kink 
measure vanishes. Then along A the strut force measure is absolutely continuous, 
given by Q — — Kds. 

Proof For any vector field ^ vanishing on L \ A the kink term in the balance equation 
vanishes, so we get 

J (^,dn) = S^len{L) = J \?,T)ds. 

Integrating by parts gives the desired result. □ 

As a first application, we can easily analyze "free" sections of a critical curve, 
with no struts or kinks. (This result was first discussed - in the case of a C°° knot - 
by Gonzalez and Maddocks |GM99a|.) 

Proposition 4.18 IfL is O -balanced and A is a subarc with zero strut force measure 
and zero kink measure, then A is a line segment. 

Proof By the lemma Kds = £2 — along the subarc. □ 
We now consider the case of two subarcs in "one-to-one contact". 
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Proposition 4.19 Let L be o-balanced. Suppose A and B are two subarcs with zero 
kink measure and suppose they are in one-to-one contact, meaning there is a home- 
omorphism <j): A — > B such that there is a strut from a to <j)(a) for each a G A but 
no other struts touching AUB. Then A UB forms a section of a standard symmetric 
double helix of pitch angle at least {or of a circle). 

Remark 4.20 We could start with the weaker assumption of a (weakly) monotonic 
family of struts, where a single point a € A might touch a whole subarc Bl C B or 
vice versa. In fact this cannot happen, since Bl is a subarc of the unit normal circle 
to A at a, so the tangent vector has nonzero change along B' ; this would imply an atom 
of strut force measure at a which is impossible since Q is absolutely continuous on a 
kink- free arc. 

Proof Change the orientation on B if necessary to assume that (j) is orientation- 
preserving. Since the kink measure vanishes on AUB, the lemma applies, giving 
£2 = —T', For any subarc aa' C A, by the symmetry of Q we get 

T(a) - T(a') = Q(aa!) = -£2 (<j)(aa')) = T(<j>(a')) -T((j>(a)). 

This means that 

W :=T(a) + T((j){a)) 

is a constant vector along A. 

Now define the continuous vector field 

N(a) :— 0(a) — a, 

along A. Since struts have unit length and (j)(a) S N a L, this is a unit normal field. 
Since £2 acts in the direction —N of the single strut, we deduce that T' = \ k\N almost 
everywhere. That is, Af is the Frenet principal normal. 

Reversing the roles of A and B, we see equally well that N(a) _L T (0 (a)) . (Indeed 
the principal normal at 0(a) 6 B is —N(a).) It follows that N(a) _L W, which in turn 
implies that (W,T(a)) is constant along A, since 

(W,T)' = (W,T') = \k\(W,N)=0. 
But from the definition of W, we have 

(W,T(a)) = l + (r(a),r(*(a))) = (W,TQ(a))), 

so (W, T) is the same constant along B. 

Consider now the degenerate case where W = 0, meaning T(<j> (a)) = —T(a). The 
arcs A and B stay in the plane of T(a) and N(a), and indeed are centrally symmetric 
around the midpoint of any strut. Since a and (j)(a) are always at unit distance, it 
follows that A and B are antipodal arcs of a circle of diameter 1, a degenerate double 
helix of pitch zero. 

Clearly this case only arises when a = ^ Since points near (j)(a) are at dis- 
tance less than 1 from a, it follows that A and B belong to the same component of L. 
Furthermore, by Remark f3.12| this component is the full circle of diameter 1. Since 
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this circle is kinked, balance could alternatively be obtained through a kink measure 
instead of the strut measure. 

For the general case W ^ 0, think of W as a vertical vector. Since N J-W, each 
strut connects points at equal height. Since (W, T) is the same constant along each 
curve, the homeomorphism <p is actually an isometry. Consider now the midpoints 
M(a) := (a + <p (a))/2 of the struts. Since <p is an isometry, differentiating gives M' = 
W/2, meaning these midpoints move at constant speed in direction W. Since T makes 
a constant angle with W, the strut vectors N(a) also rotate at constant speed in the 
plane perpendicular to W. The arcs A andB, given asM^fN/2, thus form a symmetric 
double helix as claimed. 

(In the degenerate case where \W\ — 2, we have T(<j>(a)) = T(a) = W/2. That 
is, both A and B are straight segments, giving a degenerate double helix of pitch % /<i. 
The strut measure vanishes on the struts connecting A and B.) 

Consider the squared distance function from a fixed point (— 1/2,0,0) 6 A to the 
other strand B = {(cos 9, sin 9,k9) /2}. Since its second derivative is (k 2 — cos 9)/2, 
we see that it is convex (with a single minimum at the claimed strut) for k > 1, that is 
for pitch angle at least 71 / 4. For smaller pitch angle, the distance has a local maximum 
at 9 = 0, so the thickness of the double helix is less than 1 and the curves are not in 
one-to-one contact. □ 

This agrees with the result of Maddocks and Keller [MK87 ] which states (under 
different hypotheses) that two intertwined ropes in equilibrium with one-to-one con- 
tact should form a double helix where the radii of the helices depend on the tension 
in the ropes. Schuricht and von der Mosel [SvdM04| show in this situation that the 
curvature vectors of A and B must point along the common strut, without carrying the 
analysis through to prove that the curves form a double helix. 



5 Balance with regulated kinks 

The General Balance Criterion can be hard to apply without some control on the kink 
set. In the balance equation, as we have already noted, the second-order kink term 
is equated to a distribution of order zero in the variation vector field E, . Along a C 2 
subarc, there is of course at most one kink over each point of L and furthermore, 
Corollary |4.3| says the kink term can be expressed in terms of the second arclength 
derivative of In this case, standard distributional calculus then says this second- 
order term can be integrated by parts. Our goal is to carry this out even for less 
smooth links, like those in our examples. Over a junction point along a piecewise C 2 
curve, for instance, there may be two kinks. Our first theorem below says that we can 
essentially ignore such points: the kink measure is nonatomic even after projection 
down to L, so even any countable subset of L can be ignored. 

In the later parts of this section we discuss the balance criterion under certain 
mild regularity assumptions about the kinked arcs of L; these suffice first to guar- 
antee a single kink over all but a countable subset of L, then to transfer the balance 
equations to distributions along L, and thus to apply the calculus of distributions. We 
end up with friendlier versions of the Balance Criterion, and can bootstrap to greater 
smoothness of the critical link L. 
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5. 1 The projection of the kink measure is nonatomic 

The kink measure v for a balanced link L is supported on Kink(L), which we view as 
a subset of the unit normal bundle N\ (L) via (x, n) < — > (x,T(x),n/a). Thus we think 
of V as a measure on this circle bundle with support on Kink. We recall the projection 
II : C3 — > M 3 , in particular fl : N\ (L) — > L. If v is a kink measure for L, then we write 
V for the projection of av to L, which of course is supported on fl Kink(L). (The 
factor of a here simplifies several formulas later.) 

Using Lemma 4.2 we can write the kink term in the balance equation as 

/ & R(x,n) dv(x,n) 

./Kink 

= 2 / W \T)dv(x)-a 2 f (D 2 x E,(TJ),n)dv{x,n) 

JL ./Kink 

-ol (D x B,{n),n)dv{x,n). 

./Kink 

We note the linear and quadratic dependence on n in the last two terms; these could 
also be written as integrals over L, now with respect to projected vector- and tensor- 
valued measures. Thus it is really only the projections to L of the three measures v, 
nv and (n®n)v which enter into the balance equation. (What this essentially means 
is that if we Fourier-decompose the measure v on each normal circle, then it is only 
the components of order 0, 1 and 2 which matter.) 

Our first result shows that no single normal circle has positive mass. This will 
later allow us to ignore countably many points along L. 

Theorem 5.1 IfL is a -balanced, then the projection V of the kink measure v to L is 
nonatomic. 

Proof Fix a point on L, which by translation we assume is at the origin. We must 
show that v(fl~ '{()}) = 0. We will obtain this equation as the limit of the balance 
equation applied to a family of variation fields £, £ . 

Let denote a smooth nonnegative bump function supported on the unit ball, 
with = 1 in a small neighborhood of 0. Given any vector v € K 3 we write v x := 
v — (v, 7b) 7b for its part perpendicular to the tangent vector Tq := T(0) at the origin. 
Then we define 

^{x) = ^{x):=^l e )x L . 

Since £, £ is supported on the e-ball its L°° norm is 0(e). Thus in the limit e — > 
the order (strut and 8 len) terms in the balance equation approach (even though 
the strut force measure might have an atom at the origin). Therefore the kink term 
approaches as well. 

We easily calculate the derivatives 

D 2 £ (v, v) = 2D x/e <l>(v) v x / e (v, v)x x / e 2 . 
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Note that Dt, is 0(1) while D 2 ^ is 0(}/ e ). At the origin (independent of e) we have 
DqE, (v) = v x , while the second derivatives vanish. 

Note that t, e is supported on the e-ball; since reach(L) > Thi CT (L) = 1 we know 
(from [?, Lemma 3.1]) that for small e this ball contains a single arc a e of L whose 
length is at most 2arcsine. Now supposes e a £ is at arclengths = 0(e) from 0. Then 
from the curvature bound we have \T(x) — Tq\ < s / a < 2\s\ and thus \x — sTq\ < s 2 . In 
particular, |r x | = 0(e) and |x x | = 0(e 2 ) along the whole arc a 8 . 

The integrand in the kink term is 

8 6 eR(x,n) = 2a{T,D x ^(T)) - a(n,D x ^(n)) - a 2 (n,D 2 x ^(T,T)). 

First we show that this integrand is uniformly bounded as e — > 0. Clearly the first two 
terms are 0(1). Writing 

(n,D 2 x ^(TJ)) =2D x/e (j>(T)(n,T^)/ ' e +D 2 x/e <$>(T J) (n,x^) / e 2 

shows - using our estimates on T x and x x - that the third term is also 0(1). We also 
note that at x = the integrand reduces to 

8^R(0,n) = 0-a(n,n)-0 = -a. 

Now as e — > the arcs a £ shrink to the single point {0}, so since the kink inte- 
grand is uniformly bounded, the kink integral /rj-i( a e) 8geR(x,n)dv approaches 

8^eR(x,n)dv = -(7v(n _1 {0}). 

Thus this measure is zero, as desired. □ 



5.2 Regularly balanced links 

Definition 5.2 Suppose a link L is c-balanced by strut measure and kink mea- 
sure v. We say L is regularly balanced if there is an open subset U C L such that 
V(L \ U) = and the unit tangent T has regulated derivative K on U. 

We conjecture that every balanced link is regularly balanced, but this seems diffi- 
cult to prove. But there is a condition on L which will ensure this. We say a C 1 ' 1 curve 
L has regulated kinks if II Kink is contained in a submanifold McLon which T 
has regulated derivative. 

Lemma 5.3 Suppose L has regulated kinks. Then L is regularly balanced if and only 
ifL is balanced (if and only ifL is strongly a -critical). 

Proof It only remains to show that if L is balanced then it is regularly balanced. We 
set U :=M\ dM. We know V is supported on fl Kink C M. Since dM is countable 
and V is nonatomic, we have v(L \ U) = 0. □ 
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In the rest of this section we analyze regularly balanced links to get several equiv- 
alent conditions that are easier to apply. First we show that we can reformulate the 
balance equation to involve distributions along L instead of on R 3 ; then we integrate 
by parts twice, ending with a balance equation that can be stated as an equality of 
measures with no explicit variation vector field. This is the condition we use later to 
show our examples are (regularly) balanced. 

Suppose L is regularly balanced. We let J denote the jump set of K on U ; since J is 
countable and V is nonatomic, v(J) = 0. Over each point ofU\J there is at most one 
kink; a kink exists only when |?c| = 1 / a . (Over each point in J there are at most two 



kinks; but we may ignore these with regards to the kink measure.) By Lemma 2.3 
we may replace U by an open subset on which |fc| > ^jia- Thus the unit principal 
normal vector N := k/\k\ is well-defined as a regulated function on M (with jumps 
only on J). 

Lemma 5.4 On a regularly balanced link L, the kink measure V is uniquely deter- 
mined by its projection V, and the kink term in the balance equation becomes 

( 8^R(x,n)dv(x,n)= ( (2<$',r) - a(£",AT» dv, 

J Kink JU 

using Corollary \4.3\ □ 

Here we note that in the last term, both N and ^" are regulated functions (with jumps 
only on J). Since their product is also regulated and v is nonatomic, the integral is 
well-defined. 

By this lemma, the balance equation for a regularly balanced L can be expressed 
entirely in terms of derivatives of the vector field ^ along the curve L. Of course, 
t, here is still a C 2 vector field in space, and the balance equation is an equation 
of distributions on such vector fields. Our next result shows, however, that we can 
translate it into an equation of distributions on C 2 vector fields along L. (We recall 
that the C 2 structure on L comes not directly from the embedding in M? but instead 
from the local identification with M given by an arclength parametrization.) This sets 
us up to use the standard calculus of distrubutions: by examining the highest-order 
term, we can integrate by parts and bootstrap to higher smoothness. 

Theorem 5.5 Let Lbe a link with Thi a (L) = 1. Then L is regularly balanced by strut 
force measure Q and kink measure V if and only if 

^T}',T)d S -J L (r},d£2) = T)-a{n",N)) dv 

for all compatible C 2 vector fields T/ £ C 2 (L,M?) along L. 

Note that this is the same balance equation we already have for C 2 fields on space 
- the only difference is that it is now supposed to hold for C 2 fields along L. 

Proof First suppose this balance equation holds for all compatible tj e C 2 (L,K 3 ). 
Given a C 2 vector field t, on space, to check the balance equation for t, it suffices 
to find a sequence of compatible smooth fields rj, along L with uniformly bounded 
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C 2 norms such that |t/; — §|ci(z.) ^ and 77" — > | pointwise on U \J. For then 
each ter m in the balance equation for 77,- approaches the corresponding term for % (in 
Lemma 5.4 1. In particular, to handle the second-order term Ju-^jiN, T)"Wv we use 
the dominated convergence theorem. But the construction of the rj, is easy: we sim- 
ply start with the restriction of % to L and smooth it by convolving with a sequence 
of mollifiers. (Small modifications near the endpoints suffice to maintain the com- 
patibility conditions.) Since is regulated on U with jumps only on J, the desired 



pointwise convergence follows from Lemma 2.2 

Conversely, if L is regularly balanced, then given any compatible C 2 field 77 
along L it suffices to find a sequence of smooth ^ on M? that have uniformly bounded 
C 2 norms, that converge to rj in C 1 (L) and whose second derivatives converge point- 
wise on U \ J. Indeed it suffices to construct the <!;,■ locally in a neighborhood of any 
given point p E L; these pieces can be patched together with a partition of unity. By 
translation we assume p = and let Tq be the tangent there. The idea is to extend 77 
to 77 on a neighborhood of € R 3 by making 77 constant on each plane perpendicular 
to Tq, and then smooth this in space. 

More precisely, consider the function/: xt-> (To,x). Restricted toL, it is C > and 
has regulated second derivative on U. On some neighborhood V C L of p we have 
Y2 < f < L so in particular f\y is a C 1 diffeomorphism onto its image (a,b) c 
Lemma 



2.4 



applies to show the inverse function g: (a,b) — > V is a C 1,1 parametriza- 
tion with speed in [1,2), and has regulated second derivative on the subset f(UD 
V). Thus if we set 77 := 77 o g then 77 is also C 11 with regulated second derivative 
on f(U H V). To get the we simply smooth 77 by convolving it with a sequence of 
mollifiers: 

<!;,•:= (7} *<k)°/- 



The desired properties again follow immediately using Lemma 2.2 



On a regularly balanced link L, we have discussed the principal normal as a 
regulated function on U. For convenience we extend it arbitrarily outside of U. (Of 
course for points x € E with if^Owe are free to pick N = k/\k\ but this will be 
irrelevant.) The vector-valued measure A^V vanishes outside U since L does. In the 



balance equation of Theorem 5.5 we can thus equally well write the integral over U 
as an integral over all of L. 

Lemma 5.6 Suppose L is regularly balanced. Then the projected kink measure V is 
absolutely continuous with respect to ds and indeed there exists <P € W LBV (L 7 M?) 
such that Nv = <Pds and 'P(p) J- at each endpoint p € dL. The balance equation 
for L can then be written as 

J(i],dQ} = J ' (i]',T-2\&\T-o<p')ds. 



Proof The balance equation from Theorem 5.5 equates f L (ri",Ndv) with terms of 
order at most one in 77, so this term is also order one. Thus we can write A^V = <Pds 
with <P e BV(L,M 3 ). Since V is nonnegative, it follows that <P = \<P\N; of course 



Ropelength criticality 



27 



\0\ £ BV(L) is nonnegative and vanishes (a.e.) outside U. Now we may integrate by 
parts to obtain 

(r}",N)dv = - f(r 1 ",0)d S = [(r}',0'ds)- £ <±tj» 
Jl Jl pedL 

where ±77' is the derivative of r) in the outward direction ±T. Note that the value 
0(p) of a BV function at an endpoint is well-defined as the one-sided limit. 
Thus we may write the balance equation from Theorem |5. 5 1 as 



/ {n',T)ds- [ {r\,dO)= [ (ri',2\<P\T + (j&)d s -(j E <±»J'.*>. 
Jl Jl Jl pedL 

Since the left-hand side has order 0, so does the right-hand side. Our first conclusion 
is that the atomic terms (n',0) vanish at each endpoint. Since a compatible vector 
field r\ can have an arbitrary value r\'{p) £ Hp at p £ dL, this simply means that 
0{p) -L Hp. The balance equation then reduces to the form given in the lemma. 

Our second conclusion is that the integrand 2|<f>|r + O0' (which gets paired 
with tj') is a BV function. Since T and \<P\ are both BV, so is their product and 
we conclude that 0' £ BV, i.e., that £ IV 1,BV (L,]R 3 ), as desired. In particular is 
continuous. □ 

A few comments on the boundary conditions are in order. Let p £ dL be an end- 
point. By continuity it is clear that 0{p) is a normal vector. Thus if dim//^ = 1 (that 
is, if the tangent vector at p is fixed) then the condition _L Hp is automatic. If on the 
other hand dim//^ = 3 (that is, if the tangent vector is free) then of course _L Hp 
means 0(p) = 0. 

Corollary 5.7 IfL is regularly balanced then the vector field of Lemma \5.6\ van- 
ishes on the jump set J C U of K. 

Proof Suppose x £ J is a jump point of K. If at least one one-sided limit has | k\ (x±) < 
l/ a , then there are no kinks in some one-sided neighborhood of x. Thus V vanishes 
on that neighborhood and so does 0, so 0(p) = by continuity. Otherwise, the jump 
in K reflects a jump between kinks in different normal directions, that is, also has a 
jump at x. But the continuity of implies that = 0/ 1 1 is continuous at any point 
where 0^0. Thus again we conclude 0(p) =0. □ 

Definition 5.8 Suppose L has Thi^ = 1 . A kink tension function for Lisa nonneg- 
ative (j) £ W 1,BW (L), vanishing at any endpoint p £ dL with free tangent vector, such 
that on the open set U := {p £ L : <j)(p) > 0} the link L is C 2 with constant curvature 
|k| = Vtr- We ca U tne BV vectorfield 

V := (1 -2<j))T -a(<j>N)' 

the virtual tangent associated to <p, noting that it agrees with T outside U. 



We are now ready to give our final reformulation of the balance criterion. 
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Definition 5.9 Suppose L has Thi<j = 1 . We say L is nicely balanced it has a strut 
measure jj, (with strut force measure £2) and a kink tension function (with virtual 
tangent V) such that £2 + V' = as measures on the interior of L, while at each 
endpoint p £ dL, we have £2{p} TV(p) -L Hp- 
Note that this nice form £2 = —V' of the balance equation generalizes the equation 



£2 = —T' for kink-free arcs (where of course V = T) from Lemma 4.17 Our second 
main result now follows. 

Theorem 5.10 A link L is regularly balanced if and only if it is nicely balanced. 



Proof Suppose first that L is regularly balanced. In view of Lemma 5.6 we set (j) := 
\0\, Since this is continuous, {(j) > 0} is open, and we may replace the original U 
(in the defini tion of regularly balanced) by this open subset. Since (j) vanishes on J 



by Corollary |5.7| we know that L is C 2 on U. In terms of the virtual tangent V = 
(1 - 2<p)T — a<P', the balance equation of the lemma is f L (n,d£2) = f L (n',V\ds. 
Integrating by parts gives £2 + V' = on the interior and (r\ : £2{p} =F V(p)) at each 
endpoint p £ dL. Recalling that a compatible vector field rj can have any value par- 
allel to Hp at p, we obtain £2{p} qp V(p) JL H°. 

Conversely, if L is nicely balanced with strut measure ji and kink tension func- 
tion <j), we define V := ds. Since L is C 2 along U = {0 > 0} there is a unique kink 
measure v projecting to this V. Retracing our steps in the integrations by parts, we 
see that L is regularly balanced by jj. and this v. □ 

We summarize our main results as 

nicely balanced <^=> regularly balanced 

=>■ balanced strongly critical critical. 

We also have the following partial converses: a balanced link with regulated kinks 
is nicely balanced; a critical link that is Thi CT -regular is strongly critical. We recall 
that every closed link - with only circle components - is regular. We conclude for 
instance that a closed link with regulated kinks is d-critical if and only if it is nicely 
balanced. 

We note that it would be possible to do the analysis of this section for a single 
subarc A c L. If A has regulated kinks, then the kink measure over A can be expressed 
in terms of a kink tension function and virtual tangent. If A abuts other kinked arcs, 
the boundary conditions of course get more complicated. We have not carried this 
out in detail even though it would allow a slight strengthening of the results below on 
strut-free kinked arcs - we would only need to assume regulated kinks along the arc 
in question rather than on the whole link. 



Given Theorem 5.10 we can rephrase the conjecture mentioned above as follows: 



Conjecture 5.11 Every balanced link is nicely balanced. In particular, the kink mea- 
sure is supported over piecewise C 2 arcs of the link. 
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We gain some hope that this conjecture is true from the analysis above: we have seen, 
for instance, that if an arc A has regulated kinks but the jump set J of K is dense in A, 
then the kink measure vanishes over A. The effect of the kink measure, as seen in the 
kink tension function, grows only in the interior of C 2 pieces of the link. 

Corollary 5.12 Suppose L is nicely balanced with kink tension 0. Then along U we 
have L £ W|^ BV (t/,IR 3 ). The normal N and thus also the binomial B := T x N are in 
W^ f w (U), so the torsion % := (N',B) is locally BV on U. 

Proof Recall that £ W l ' BW (L) and > on U. Since (V^)' = we see that 

%> G w ioc V ( U )- Since <PN=<t>£ W^ BV (L,M 3 ) we conclude that N £ ^ BV (L,M 3 ). 
But on U, we have N = OK, so this means L £ W{^ V (U,M. 3 ), as claimed. From the 
product rules, we see B := T x N £ W^ W (U,R 3 ) and then x := (N',B) £ BV loc (U). 

a 

It follows that along U we have the usual Frenet equations 

T'=N/o, N' = -T/g + tB, B' = -tN. 
We can thus write 

V = (l-0)r-C70'jV-C7T0B, 

V' = ((1 - *)/ a - C70" + C7T 2 0)^V - C7(t'0 + 20't)B. 

Along t/ we may decompose the restricted strut force measure £2\u into two signed 
Radon measures 

Q\u = Q N N + Q B B, Q N :={Q,N), Q B :=(Q,B). 

We now rewrite the balance equation £2 = V' in terms of these measures. 

Corollary 5.13 If L is nicely balanced, then we have the following equalities of 
signed Radon measures on U: 

G 2 f + (1 - C7 2 T 2 )0 = 1 + CT^a,, 
CJ(0 2 T)' = 0<2 B . 

Corollary 5.14 At a point p £ U, an atom of Qn corresponds to a jump in 0, while 
an atom of Qb corresponds to a jump in T. If Q{p\ = at a limit point p of L \ U, 
then (j)'(p) = 0. If£2{p} — Oat an isolated point p ofL\U, then 0^ (p) + 0i (p) = 
and if these are nonzero then N changes sign at p. 

Proof From the equation £2 = —V 1 and the fact that (1 —20) T is continuous, we see 
that 

atom of Q < — > jump in V < — > jump in (<j>N)' . 
Thus on U, an atom of Qn corresponds to a jump in 0' while an atom of Qb corre- 
sponds to a jump in 2 T, i.e., to a jump in T. 

Now recall that = on L \ U. Thus if p is a limit point, at least one of the one- 
sided derivatives <j>±(p) vanishes. If £2 has no atom at p, the derivative <j)'(p) exists, 
hence is 0. 

Finally, suppose p is an isolated point of L \ U. If £2 has no atom there, then <j)'N 
is continuous at p, which yields the desired conclusion. □ 
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6 Strut-free arcs 

We want to consider arcs of critical curves that are balanced by kink measure alone. 
In the absence of strut force, it is convenient to ignore struts completely and to 
rescale such that kinks have curvature 1 . Essentially, we take a limit of the constraints 
aThi CT (L) > 1 as a — s- °°, and are left with the curvature constraint 

Thioo(L) :=minp > 1. 

L 

It should be clear that the derivative of Thioo is like that of Thi a but sees only the 
kink terms, and that our General Balance Theorem adapts to this situation to say L is 
strongly °°-critical if and only if it is balanced by kink measure alone. In case L 
has regulated kinks, it is of course regularly and indeed nicely balanced as before. 

Lemma 6.1 Suppose L is o-balanced, and A is a compact subcurve such that the 
strut force measure Q vanishes along the interior of A. (In particular this is the case 
if there are no struts with endpoints in the interior of A.) Then the reseated curve 
A /(J has Thioo > 1. Considered as a curve with fixed endpoints and fixed tangent 
directions there, A/o is balanced by kink measure alone, and is thus strongly °°- 
critical. Conversely, if A is strongly ^-critical, then for any <7 > Vreach(A) we find 
that <jA is O-balanced. 

Proof For the first direction, note that even if some struts to A carry strut measure 
necessary to balance other parts of the curve, they have by assumption no net effect 
on A and thus can be ignored when balancing A . The endpoint constraints on A ensure 
there is no restriction on the kink measure there. 

For the converse, note first that Thi CT ((7A) > 1. In the case a — Vreach(A)' me 
curve a A may have some struts, but even then it can be balanced with jj. = 0. □ 

Remark 6.2 For this problem of minimizing length subject only to the curvature con- 
straint Thioo > 1, we can treat each component of a link separately. As in Figure [2] 
(right), the curves do not necessarily stay embedded: we may have nonembedded 
critical configurations. Thus we should generalize our setup to allow nonembedded 
C ' curves. 

In this section, we classify connected strongly °°-critical curves under the assump- 
tion that they have regulated kinks. That is, we classify connected curves which are 
nicely balanced by kink measure alone. Of course each such curve has positive reach 
if it is embedded, and is thus d-critical for large enough a, but we do not compute 
the reach for our individual examples. By the lemma above, any strut-free arc of a 
a -balanced link will be one of the types in our list. 

To get started, suppose L is a connected curve, nicely balanced by kink measure 
alone. Since V 1 — —Q = 0, the virtual tangent 

V* = (1 — 20)7* — 

is constant along L. Since we have rescaled to get a = 1, the equations from Corol- 



lary 5.13 for the kink tension function <j) along U '■= {<j> > 0} become 

(j>" + (l-T 2 )(j) = l, (</> 2 T)' = 0. (1) 
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Thus on each component Wct/we see that T is some constant c. On W we can 
then express ([TJ as the semilinear ODE 

c 2 

0"=l-0 + ^3 (2) 

for and we can write 

V = (i-f)T + pN+^B. (3) 

Then along W we have 

\v\ 2 = {<j>-if+<j>' 2 +^ 

and this of course is a conserved quantity for the ODE. In the (0,0') phase plane (or 
for c 7^ 0, in the > halfplane) this is clearly a proper, strictly convex function. 
Thus it has a single minimimum at some (0 C ,O) and its other level sets are closed 
loops encircling this minimum. It follows that all solutions to |2]) are periodic. 

Proposition 6.3 Suppose a connected curve L is nicely balanced by kink measure 
alone and suppose at some point p € Lwe have 2 T 7^ 0. Then 2 T = c is constant — 
and in particular > satisfies Q - along all ofL. The kink tension function on 
such L is uniquely determined. 

Proof As above, let W be the component of {0 > 0} containing p. On W we know 
satisfies |2]). Since c 7^ the level set of \V\ 2 is a closed loop in the halfplane > 0, 
meaning the solution extends with nonvanishing to the whole curve L. For the final 
statement, note first that is uniquely determined up to a constant factor by 2 T = c; 
the constant is then determined by □ 

Lemma 6.4 Suppose an arc from p to q is nicely balanced by kink measure alone, 
with > and virtual tangent V. Then 

(q-p,V) = $'(q)-$'(p)-c 2 [%- 3 ds. 

Jp 

Proof From <|3j and Q we have 

(q-p,V)= ( q (T 1 V)ds= f\l-(j))ds= Ftf'ds-c 2 f(j)- 3 ds. 
Jp Jp Jp Jp 

Corollary 6.5 For c 7^ no solution to |2]) gives a closed curve. 

Proof Any solution is periodic along L, but for c^O the lemma means that each 
period of the curve makes the same negative progress — c 2 / L 0~ 3 ds in the direction 
of the virtual tangent V. Thus we cannot close up after any number of periods. □ 

Even if the general solutions to |2]) cannot be expressed in closed form, it is easy 
to integrate the ODE numerically for different values of c and different initial condi- 
tions. Given their shapes (see Figure [TJ we call these curves supercoiled helices. We 
conjecture that each supercoiled helix is embedded. We can restate Proposition|6.3|as 
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Fig. 1 The picture shows o~-critical curves obtained by solving j5J with a variety of initial conditions and 
values for c. For any c, there is one solution with constant = (j> c : a helix by Lemma |r3~6] this is a helix. The 
various solutions shown have initial conditions 0'(O) = and 0(0) = ktf> c for various multiples k of C . The 
initial value of increases from left to right, while the value of c increases from top to bottom. The shape 
of the curves explains why we call them supercoiled helices; they become progressively more twisted as k 
increases. The virtual tangent V is vertical in all of these pictures. 

follows: Suppose a connected curve L has nonzero torsion somewhere and is nicely 
balanced by kink measure alone. Then L is a subarc of some supercoiled helix. 

This same family of curves was discovered by Hector Sussmann, who called them 
"helicoidal arcs". Sussmann gives a fascinating control-theoretic derivation of the 
family in his research abstract [Sus95 |. He considers the same problem of minimizing 
length subject to the curvature bound Thioo > 1 for arcs with fixed endpoints and 
fixed tangents there. He shows the absolute length minimizer (for any given boundary 
conditions) is either a helicoidal arc or a concatenation of at most three circulars arcs 
and straight segments (as in our case c = below). Our results are somewhat weaker 
than Sussmann's in that he has fewer regularity assumptions, but are stronger in that 
we classify all critical curves, rather than just minimizers. (Sussmann also claims to 
have a proof that any supercoiled helix is a local strict minimizer for length in the 
sense that each subarc of length less than some 8 > is the unique length minimizer 
for its endpoints, but the promised paper with details does not seem to have appeared 
even as a preprint.) 

There is one case in which we can integrate the ODE |2} explicitly - when = § c 
is constant: 

Lemma 6.6 Suppose a connected curve L is nicely balanced by kink measure alone. 
If the torsion is nonzero somewhere and <j) ^ is constant along L, then L is a helix 
with constant torsion |t| < 1. The virtual tangent V points along the axis of the helix. 
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Proof Since > we know K = 1 ; since (j> = <j) c is constant, equation ([l} reduces to 
1 — T 2 = showing that |t| < 1 is constant and L is a helix. To check the last asser- 
tion, note that the tangent vector T makes a constant angle with the virtual tangent: 
from ((3) we have (T,V) = 1 -<j) c < 0. □ 

Remark 6. 7 Suppose we consider the one-parameter family of helices 

Yr(t) := (rcosf ,rsint,t), 

with curvature r/(l+r 2 ) and torsion 1 /(l +r 2 ). The curve-shortening flow decreases 
r while staying in this family. Thus it increases curvature for r > 1 (i.e. for |t| < K") but 
decreases curvature for r < 1. This immediately verifies that y,-(f) cannot be critical 
for r < 1, while our result that it is critical for r > 1 is reasonable. 

Now we turn to the case c = 0. Based on what we have already proved about the 
case c 0, we see that if c = on one component W of U C L, then we must have 
c = on all of U. Thus T = on U, so each component of U is an arc of a unit circle 
(if not the whole circle). Thus L is made up of (potentially infinitely many) circular 
arcs (the components of U) possibly joined by straight segments (L \ U). We will use 
Corollary |5.14| to analyze the possible junctions. 

First we examine the possible kink tension functions <p on a circular arc, noting 
that for c = equations d2), ([3) become 

(j)" = l-(j), V = (l-0)r + fJV. 

So suppose that L is a unit circle. Given any vector V in the plane of L, we define 
:= 1 — (T,V) on L. Clearly > on L if and only if |V| < 1. That is, the various 
possible kink measures balancing L correspond to the virtual tangent vectors V in the 
closed unit disk. For V — we have = 1 (and it is interesting to think of L as a 



degenerate helix in the context of Lemma 6.6 1. For \V | < 1 we have > on L. For 



|V | = 1 we have <j) > except at a single point p eL where = = <j)'(p). 

For |V| > 1, we cannot use this to balance the whole circle, but we do have 
(j) > on an arc of more than half the circle, centered at the point where T = — V; 
at its endpoints <p = but <p' ^ 0. Congruent such arcs can be joined end-to-end in 
a C 1 fashion such that V remains constant at each junction point while flips sign. 
(See Figure [2]) We call an infinite such concatenation a wave. A wave is embedded 
if and only if the turning angle of each piece is less than 5n /^, that is, if and only if 
\V\ > 2 /v/3- (Of course, waves with smaller V do have embedded subarcs.) 

Theorem 6.8 Suppose L is an embedded connected curve, nicely balanced by kink 
force alone (for fixed endpoints with fixed tangents). If L has any point of nonzero 
torsion, then as we have seen, it is a subarc of some supercoiled helix (for instance a 
helix of torsion less than 1 ). Otherwise L is either a straight segment (possibly joined 
to circular arcs at each end), a circle (or arc thereof), or a subarc of some wave. 

Proof We have already treated the case of nonzero torsion, so we may assume c = 0. 
Thus the curve is made up of straight segments and unit circular arcs. At any junction 



between two pieces we have (j) —0, and by Corollary 5.14 we have (j)' — unless 
flips sign. 
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Fig. 2 A wave is the planar C concatenation of circular arcs of the same turning angle 9 > n. On the 
left, we see such an example. Since the straight line joining these endpoints is also critical, this shows 
that there are many cr-critical curves joining the same pair of fixed endpoints. If we allow nonembedded 
curves, there are infinitely many such critical configurations, like the one on the right. 

Our classification now proceeds according to |V|. Along any straight segment 
we have V = T, so |V| = 1; if the segment is joined to a circular arc at either end, 
this V uniquely determines the kink tension function on that arc. In particular the 
embeddedness of L means each arc is less than a full circle, so we never have = 
again along either arc and there are no further junctions. 

If \V | < 1 on a circular arc then > so there are no junctions and L is a circle 
(or some subarc). (Here V is not uniquely determined. Since L is embedded we do 
not go more than once around the circle.) 

Finally if | V\ > 1 on a circular arc, then if the arc extends to where = we have 
0' 7^ so if there is a junction it is exactly the kind seen in a wave. Extending, there 
can be further junctions, but the whole curve is a subarc of the wave specified by V. 
(If there is no junction, we are really in the previous case of a circular arc. As long as 
there is at least one junction, V is uniquely determined.) □ 

Remark 6.9 If we did allow nonembedded curves, then there would be additional 
examples as follows: at any point peL where 0=0 = 0' (for instance any point 
along a straight segment of L), we can splice in a "hoop", a full circle tangent to L at p. 
Indeed we could traverse many different hoops at p before continuing further along 
the initial curve L. Comparing where we used embeddedness in the proof above, we 
see these (along with circles traversed more than once) are the only new examples. 

Corollary 6.10 Suppose L is an embedded connected curve, nicely balanced by kink 
force alone (for fixed endpoints with free tangents). Then L is either a straight seg- 
ment, a circle, or the subarc of a wave between some two junction points (that is, a 
planar C l concatenation of circular arcs with equal turning angle 9 > %). 

Proof Since the tangent vectors at the endpoints are free, we must have 0=0 there. 
That means we are looking for those examples from the theorem that satisfy this 
boundary condition. (Recall that on almost all examples, was uniquely determined.) 
Supercoiled helices are clearly excluded. In the other three examples, the endpoints 
are restricted to the special cases listed. □ 
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Remark 6.1 1 Analogous to Remark [6\7] we can give the following intuition for the 
condition that each piece in a wave has turning angle greater than %. Consider the one- 
parameter family of circular arcs through two fixed points in a plane. The curvature is 
maximized at the semicircle. The arcs of less than a semicircle can thus be shortened 
while decreasing curvature - even staying within our family - while the arcs of more 
than a semicircle cannot. 

Durumeric [?] used Sussmann's work to prove that every closed C 11 curve which 
is a local minimum for ropelength has at least one strut. In our language, such curves 
are y2-nTinimizing. We now prove a similar result which again is weaker in that it 
requires regulated kinks but stronger in that it applies to all critical curves, not just to 
minimizers. 

Corollary 6.12 Every closed ^fa-critical curve with regulated kinks has at least one 
strut. 

Proof If the curve has nonzero strut force measure, it must have struts. If not, the 



curve is a circle of unit diameter by Theorem 6.8 and it again has struts. □ 



It is also interesting to see how two arcs of the type we have been considering 
can join at a point p where there is an atom of strut force measure. At p the virtual 
tangent V jumps by exactly £2{p}, while of course is continuous. If (j>(p) — we 
are talking about a junction between circular arcs (or perhaps one straight segment); 
here the atom of £2 allows us to change the plane of the circle (and to change <j>'). 

If on the other hand <j>(p) > 0, the Frenet frame is well-defined, and we now 



consider atoms in £2^ and in Qb separately using Corollary 5.14 At an atom of £2b 
we have a jump in c = <j) 2 z but 0' (like 0) is continuous. That is, we might change 
from one supercoiled helix to another, or might jump to or from the case c = 0. At an 
atom of i2;v, on the other hand, c stays constant but <p' jumps. For c ^ this means 
a horizontal jump in the phase space, generally to a different supercoiled helix with 
the same c. For c — Owe don't see any effect on the curve at p - it remains a circular 
arc - but the jump in 0' affects where vanishes to either side along this arc. As 
an example of this last case, we prove a lemma which will be needed later in our 
discussion of tight clasps. 

Lemma 6.13 Suppose a kinked circular arc y of turning angle 29 is joined at each 
end to straight segments. Suppose further that this configuration bears no strut force 
except for a single atom at some point p. Then the configuration is balanced if and 
only p is the midpoint of y and the atom acts in the normal direction ~N with mass 
2sin0. 

Proof Let T\ and T 2 be the tangent vectors to the straight segments. Since V = T on 
these segments, the jump in V is exactly 

T 2 -T 1 = (Zwie)N(q), 

where N(q) is the normal vector at the midpoint q of y. This jump must cancel the 
atom of strut force measure. Since the strut force always acts in the normal plane and 
N(q) is normal to the curve only at p, we see p = q as claimed. □ 
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7 Noncompact curves 

Sometimes it is interesting to consider noncompact (but still metrically complete) 
curves L. Since a complete curve L with positive reach is properly embedded, for any 
compact K C M?, the intersection L CiK is compact. Typically (e.g., by Sard's theorem 
for almost every closed ball K) this intersection is actually a compact subcurve of L. 

Of course the length of L is infinite, but if we restrict our attention to variations | 
supported on some compact ^cR 3 then 8^ len(L) and 8^ Thi a (L) are given by the 
same formulas as before, noting that only those struts and kinks touching KOL- a 
compact subfamily - matter here. 

Fix now a compact K and a complete curve L with Thi a (L) = 1. We say that 
L is strongly a-critical for variations supported on K if there exists e > (possibly 
depending on K) such that the condition in the earlier definition of strong critic ality 
holds for all % supported on K. We say that L is a -balanced for variations supported 
on K if there exist strut and kink measures (possibly depending on K) such that the 
balance equation holds for all ^ supported on K. 

It is straightfoward to extend the General Balance Criterion (for each K) to say 
that L is strongly critical for variations supported on K if and only if it is balanced for 
variations supported on K. Indeed, in the typical case when K D L is a compact sub- 
curve A, this statement is only slightly different from the General Balance Criterion 
for A (considered with any new endpoints and their tangents fixed): Essentially the 
parts of L at distance at most 1 from K act as obstacles for A. 

Now suppose for a complete curve L with Thi CT (L) = 1 we can find a single strut 
measure jj. and a single kink measure v (typically given by a kink tension function 
(j) € W lo f (L) vanishing outside C 2 arcs) such that the balance equation holds for all 
compactly supported % . It follows for each K that L is strongly critical for variations 
supported on K. In particular, L is critical - any compactly supported variation that 
decreases length must also decrease thickness. 

In previous sections, we have implicitly seen several examples like this already: 

- A straight line is balanced by ji — and v = 0. 

- A infinite double helix of pitch angle at least % is balanced by the single family 
of struts in one-to-one contact. 

- Any supercoiled helix is balanced by the (j) > used to define it; in particular any 
infinite single helix with T < \ k\ is balanced by a constant (p. 

- Any infinite wave (with each piece having turning angle more than n) is balanced 
by its (j), which vanishes at every junction. 

With appropriate regularity and smoothness assumptions, one can show these are 
the only complete critical curves with the kink/strut patterns we considered before, 



i.e., kink-free with controlled strut pattern as in Section 4.3 or strut-free as in Sec- 
tion 

In the clasps we discuss next, the ends of each arc - attached the boundary planes 
- are straight segments. Clearly we could extend these to be infinite rays and talk 
about a complete clasp. It would be balanced by the same compactly supported strut 
and kink measures used for the compact clasp. 
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Fig. 3 The pictures show the "simple clasp" problem. On the left, we see the basic clasp where the end- 
points are constrained to lie in parallel planes. On the right, we have the angled clasp where the four ends 
of the rope make an angle of arcsinT with the horizontal. We will study CT-critical clasp configurations for 
varying values of X and o~. 

8 The tight clasp 

Our next example is a variation on the "simple clasp" which we considered previously 
in llCFK + 06l Sect. 9]. There we studied the problem of minimizing the total length of 
a system L of two interlooped ropes, one anchored to the floor and one to the ceiling, 
subject to the condition that the two strands are everywhere separated by at least unit 
distance (see Figure [3]). 

In fact, we considered the entire family of "r-clasp" problems, < T < 1, in 
which the four ends of the two ropes are no longer vertical but make an angle of 
arcsinr with the horizontal (thus the case T = 1 is the basic clasp described above). 
In each case we described in detail a critical configuration (a "Gehring clasp") that 
we conjectured to be minimizing. Here we consider the analogous problem in the 
more physically realistic setting of the present paperQ 

Definition 8.1 Suppose that the endpoints of two arcs are constrained to lie on the 
faces of a large tetrahedron with dihedral angles 2 arcsin z € [0, it] on two edges which 
form an orthgonal frame with the line connecting their midpoints, as in Figure [3] The 
(t, (j)-clasp problem is the problem of minimizing the length of this configuration 
subject to the constraint that Thi CT (L) > 1, such that the two loops obtained by con- 
catenating the segments joining the endpoints are linked. A critical curve for the 
(t, a)-clasp problem is a a -critical curve which obeys the constraints. 

In this section we construct critical curves for the various (t, a)-clasp problems. 
We believe these solutions to be minimizing, but we do not see how to prove it. The 
curves that we obtain fall into four regimes, depending on the values of the parameters 
T and (J, as shown in the phase diagram of Figure 0). In each case they consist of 
two congruent arcs lying in orthogonal planes. Both components are symmetric with 

It makes sense in this context to consider the modified Gehring problem in which, in addition to the 
unit separation of the two strands, we insist that the curvature of each strand never exceed For this 
problem we permit the stiffness to assume the full range of values < o~ < °°. The resulting general theory 
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Fig. 4 This phase diagram shows the domain of the various types of solutions to the clasp problem as the 
values of T (the arcsin of the angle made by the endpoints of the clasp with the horizontal) and o~ (the stiff- 
ness parameter) change. In the uppermost "fully kinked" region, the clasp is a pair of circle arcs of radius 
o~ joined with straight segments. There is a single strut connecting these arcs. In the next "transitional" 
region, the clasp consists of arcs of circles of radius o~ at the tips joined by straight segments to arcs of 
circles of radius 1 at the shoulders of the clasp, finally joined by straight segments to the endpoints. In the 
third "generic" region, the curve is piecewise analytic, with eleven analyti c pieces: a circle arc of radius o~ 
at the tip, joined by straight segments to arcs of the "Gehring clasp" from [ CFK + 06 |. These arcs are joined 
by straight segments to circle arcs of unit radius, which are joined by straight segments to the endpoints of 
the clasp. In the last, "Gehring" region, the solution is the same as that from |CFK + 06 |. 



respect to the line of intersection of the two planes, which we take to be the z-axis. 
We describe the component lying in the xj-plane, which we take to be the one with 
endpoints attached to the ceiling, as in ICF K + 06l . In the discussion below, we will 
refer to a circular arc of maximal curvature l / a as a kink. 

- a > 1: the fully kinked regime. Here the curve consists of a kink of total angle 
2 arcsin T, with straight segments attached to the endpoints. There is exactly one 
strut between the two components, joining their tips (the points lying on the z- 
axis). 



< a < 1: the transitional regime. In this case the curve consists of a 

2-V4-T 2 ~ 

kink of angle 2 arcsin | joined by line segments to two circular arcs of radius 1 
and angle arcsin T — arcsin T /2> eacn centered at the tip of the other component. 
There is a one parameter family of struts connecting each point of the latter arcs 
to tip of the other. 

- \/\ — T 2 < a < V 4 +^_2^ : tne g ener i c regime. This is the most complicated pos- 

2-V4-T 2 

sibility, of which the others may all be regarded as degenerations. The curve 
is piecewise analytic, with eleven analytic pieces, described by four parameters 
a,b, a, j3 (determined in section 8.5 below): a kink of angle 2a at the tip; joined to 



of critical curves follows the same lines as above and in |CFK + 06| . and we refrain from developing it 
explicitly here. 
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two straight segments of length a; each joined to a section of the Gehring T-clasp 
described by the parameter interval [arcsina, arcsin/3]; each joined to another 
straight segment of length b; joined to a circular arc of radius 1 , centered at the tip 
of the other component, and of angle arcsin z — j3 ; each joined finally to a straight 
segment connected to a constraining plane. There are two types of one-parameter 
families of struts connecting the two components: first, those connecting the arcs 
of radius 1 to the tip of the other component; second, each point of each Gehring 
arc shares a strut with the conjugate points (in the sense of aCFK+06l )ofthetwo 
Gehring arcs of the other component. 
- < <J < \J\-X 1 : the Gehring regime. For these parameter values the critical 
curves are identical to those described in 

8. 1 General results on clasp-type curves 

We start with some useful lemmas about configurations of circular arcs. 

Lemma 8.2 Suppose a a -critical link L passes through the origin and includes the 
circular arc C := { (sin 9 , 0, cos 9) : 9q < 9 < 9\ }. If O < 1 so that C is not kinked and 
ifC has no struts except those to the origin, then these struts generate an atom of strut 
force measure at the origin whose vertical component lias magnitude sin 9\ — sin 9q. 

Proof Since C has no kinks, Q (C) is the difference in the tangent vectors at the two 
ends of C. This force all gets transmitted to the origin. □ 

Lemma 8.3 Let C be circle in the xz-plane, centered on the z-axis, and let B be aC 1 
arc in the yz-plane. If (p,q) € B x C is a critical point for the distance, and p is an 
interior point ofB, then at least one of the points p, q lies on the z-axis. 

Proof Since (p, q) is critical for distance, the segment J>q is normal to B and C. There- 
fore, if q does not lie on the z-axis then the projection of p to the xz-plane must be the 
center of C. It follows that all points of C are equidistant from p. However, unless p 
itself lies on the z-axis then not all of the segments pr joining p to r G C are normal 
to B at p, contradicting the criticality of the pair (p,r). □ 

We describe configurations of the clasp where the two components are congruent 
plane curves, lying in planes perpendicular to each other. To fix their symmetries in 
coordinates, let one component lie in the xz-plane while the other lies in yz-plane. 

Definition 8.4 Consider the point symmetry group of order eight in 0(3), alge- 
braically isomorphic to D4, and consisting of mirror reflections across the xz- and 
yz-planes, together with a four-fold rotary reflection around the z-axis. Using the 
Conway-Thurston orbifold notation, we call this group 2*2. 

In each of our descriptions of a clasp, we will describe only the portion of the 
clasp in a fundamental domain for this symmetry. This will be a convex curve in the 
halfplane of the xz-plane with positive x; its endpoint on the z-axis will be called the 
tip of the clasp. It will sometimes be convenient for us to parametrize this curve by 
the sine u of the angle that its tangent makes with the x-axis. 
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We will be interested in proving that the minimum distance between two such 
arcs is at least 1, To this end we adapt Lemma 9.3 of f CFK + 06l . 

Lemma 8.5 Let j\ and 72 be two convex curves lying in the xz- andyz-planes respec- 
tively. Suppose there is a critical pair {pi,P2) of length p connecting these compo- 
nents. Write Xi for the distance from pi to the z-axis, and Ujfor the sine of the angle 
between the tangent to J\ and the horizontal. Then < x,- < M; < 1, and any two of the 
numbers X\,X2,U\,U2 determine the other two according to the formulas 

Z_ 2_ X l = 2 U H l - u2 j) 2 = P 2 - X V u2 i _ A 

Xi 9 U j 9 \-u}u) ' Ui p^-x) p2- x y 

where j 7^ i. The height difference between p\ and P2 is Az — ;^yl — uf. 

Proof The difference vector is p\— P2 — (xx,X2,Az). Since this strut has length p 
and is perpendicular to each Yi, we get 

Az 2 +x\+x 2 2 = p 2 , Az= ^-yjl-uf. 

Simple algebraic manipulations, eliminating Az, lead to the other equations given. 

□ 



8.2 The fully kinked regime 

We first consider a clasp constructed of very stiff rope, consisting of circle arcs and 
line segments (see Figures BJ. 

Proposition 8.6 Let Ck be the curve in the right half-plane of the xz-plane consisting 
of 

— a circle arc of radius O of angle arcsin | centered at (0, 0, (7 — 1/2)' 

- joined to a line segment in the xz-plane, where the tip of the second component 
passes through (0,0, i/^)- 

If (7 > 1, the corresponding 2*2 symmetric curve Ck, the tip of whose first component 
lies at the center of the circle arc of the second, is a critical curve for the (t, (j)-clasp 
problem. 

Proof We must check that (i) Ck obeys the endpoint constraints, (ii) Ck obeys the 
thickness constraint, and (iii) Ck is (J-critical. The first is clear from the construction. 
For the second, we first note that the radius of curvature is always at least a by 
construction, so that if the struts have length at least 1, the thickness constraint is 
satsified. In fact, by Lemma |8.3| and symmetry, if a > 1 the only strut is the one 
joining the tip points (0,0, Y2) an d (0>0j — l/ 2 )- (If a = 1, there is a family of struts 
joining each point on each circle arc to the tip of the other component of the clasp.) 

To check that our configuration is c-critical, since the hypotheses are clearly 
satisfied we may apply the final version of the balance criterion. We let the strut 
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(0.8,1.1) Kinked Clasp 



Fig. 5 This diagram shows the construction of the fully kinked clasp of Proposition 8.6 with (t, o") = 
(0.8, 1.1). The dotted lines are the intersection of two faces of the bounding tetrahedron with the jcz-plane. 
The entire curved portion of the clasp is a single circle arc of radius o~. We call the z-intercept of this arc 
the tip. The tip of the other component of the clasp is also marked on the diagram, passing through the 
jcz-plane at (0,0, 1/2). 



measure be an atom of mass 2t on the unique strut. The arcs are then balanced against 



each other by the kink tension function (j) of Lemma 6. 13 On the straight segments, 
T' = and = 0, so the balance equation is clearly satisfied. At the endpoints, 0=0 
and there is no strut force measure, so we require only that the curve be normal to the 
constraint plane, which is true by construction. □ 



We note that Lemma 6.13 tells us that such a configuration of circle arcs of turning 
angles 29q and 20\ and lines is ff-critical as above if and only if sinf?o = sinfJi. This 
means that in addition to the construction above, where 9q — 9\ < n/2, there are 
balanced solutions with 0o < n/2 < 9\ where a short circle arc balances a longer 
one, as well as balanced solutions with 0q = d\ > n/2. These are interesting a- 
critical curves, but they do not satisfy the boundary conditions of the (t, c)-clasp 
problems. 



8.3 The transitional regime 

In the transitional regime, the clasp is a circle-line-circle-line curve as in Figure [6] 

Proposition 8.7 Suppose x < 2. Let Ct be the C l curve in the right half-plane of the 
xz-plane consisting of 

— a (kinked) circle arc of angle arcsin T /2 an d radius O, 

— joined by a line segment of length Z ^J °^ to 
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kink 



(0.8,0.95) Transitional Clasp 



Fig. 6 This diagram shows the construction of the transitional clasp of Proposition 8.7 with (t, <t) = 
(0.8,0.95). As before, the dotted lines are the intersection of two faces of the bounding tetrahedron with 
the xz-plane.The tip of the second component passes through the origin. With respect to these coordinates, 
the transitional clasp consists of a lower "kinked" circle arc of radius o~ and an upper "shoulder" circle 
arc of radius 1 . The inner arc extends to an angle a from the z-axis, while the shoulder extends to angle 
arcsinT. 



- a circle arc of radius 1 and angle arcsinT — arcsin T /2 (we will refer to this arc as 
the shoulder), with 

— a ray attached to the other end of the shoulder. 

U 

V4 + T2-2 

1 > a > Z r. if (4) 



2-V4 



T 



then this curve exists, and the corresponding 2*2 symmetric curve Cj, the tip of 
whose second component lies at the center of the shoulder of the first, is a critical 
curve for the (t, (j)-clasp problem. 

Remark 8.8 Since ^ 4+ J — - < 1 for T € (0, 11, we see that for each such T the condi- 

2-V4-T 2 

tion Q is not vacuous. 

Proof We first show that Cj exists. Referring to Figure [6] we choose coordinates so 
that the center of the shoulder arc lies at the origin of the xz-plane. Then endpoints of 
the shoulder arc are 



(t,0,-a/1-t 2 ), s 2 := (^O'-V 1 -^)- (5) 



One endpoint of the segment is S2> an d the segment has slope 

X 2m 



V4-T 2 Vl +m 2 



(6) 
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Thus the x and z coordinates of a point on the segment are related by 



x-l)-^^. (7) 



From the value for the length of the segment given in the Proposition it is easily 
computed that its other endpoint is 

/ (jt or 2 — 4 \ 
*i:= y,0, : ,, J - (8) 



This endpoint coincides with one endpoint of the kinked arc of radius a. Putting c\ 
for the center of this arc, the radial vector s\ — c\ is parallel to the radial vector S2 of 
the shoulder, i.e., makes the angle arcsin I with the vertical. Thus the center of this 
arc is 

/ C7T 2 -4 \/4 - T 2 \ / 2(7-2 

d := 0,0, . = , + - 0,0, 



2V4^ 2 2 y v %/4^ 

and the tip of C is po :— (0,0, zo), where 

2a -2 

Next we show that if Q holds then Cj has Thi CT > 1. It is easy to see that its 
curvature satisfies K < i -/ a (since a < 1), so we need only show that all the critical 
pairs have length at least 1. Let us call the two components of the curve C and C*, 
and put po = (0,0,0) for the tip point of C*. 



8.3 



If (p,p*) € C x C* is a critical pair with p on the kink arc of C, then by Lemma 8.3 
either p = po or else p* ~ p^ (or both). In the first case the shoulders of C* lie on 
the boundary of the ball of radius 1 about po, and by elementary geometry the rest 
of C* lies strictly outside it. Therefore any such pair has length at least 1 . The same 
argument with C and C* interchanged yields the same conclusion in the second case. 

If {p,p*) is a critical pair with p on the shoulder of C, then p* = p^ by Lemma 
again. Hence \p — p* \ > 1 by the last paragraph. 

By symmetry it remains to consider the case of critical pairs (p,p*) where the 
points lie on the respective straight segments of C and C* . We show that if Q holds 
then p := \p-p*\ > 1. Put 

p:= (*i,0,zi), q:=(0,yi,zi)- 

By (Rjl, the sine of the angle made by the respective segments with the x-and y-axes 



is 11 := T /2- Then by Lemma 8.5 



" >1_ i+« 2 " 1+m 2 ~4+t 2 ' (1U) 



In particular p and p* correspond to one another under the symmetry of the clasp, 
and the midpoint of the segment pp* lies on the horizontal plane equidistant from the 
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two tips po,Po- Therefore the difference in heights between p and p^ is equal to the 
difference in heights between po and p*, i.e., 



Zi =Zi — zq. 



On the other hand, by Lemma |8.5| the difference in the heights of p,p* is 
Az := Z*-Zi 



" 72 T 



Substituting |9]l and solving the system ( fTTj i, (jT2j we obtain 

T r - -a(2-v: 

and from ( fT0] > 



T 2 +4 

2 + a(2- %/4-t 2 



4- r 



Vt 2 +4 



(11) 



(12) 



(13) 



(14) 



The thickness condition is violated if and only both p < 1 and the points p lies on 
the segment of C (rather than somewhere on the rest of the line it determines). The 
latter condition is equivalent to the condition that x\ lie between the x coordinates of 
si and S2, i.e., 

T<7 T 

-W < *1 < ^ 
2 2 



ofQ, <|8]l, or by $3$, <[10]> 

(7 



< 



< 



1 



2 7^2^4 2 



(15) 



The second inequality of ( fT5] > is a clear consequence of p < 1 , which may in turn 
be expressed as 



a < 



V4- 



Substituting ( [14) , the first inequality of ( fT3] l is equivalent to 

4 



(T < 



T 2 +2\/4-T 2 



(16) 



(17) 



We claim that the right hand side of (F7\ dominates that of (jT6]» in the relevant range 
< T < 2. Putting t := t2 /4 this is equivalent to the inequality 



t + Vi-t< 



VT+7-1 

To prove ( |18[ ), we note 



0<f<l. (18) 



0<t<l, 



(19) 
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so the left hand side of ( fTS) is dominated by 1 + 1. On the other hand fL9| ) also yields 
immediately 

f 2 

-<l-Vl-f 2 , f < Vl +7- vi -f 



for < f < l,so 1 + ^is dominated by the right hand side of ( [18) 1 in turn. 

Thus ( fT~6] > is the effective condition. But this is precisely the negation of Q (as- 
suming we are not in the fully kinked case). So we have now shown that if (t, ct) 
obey our conditions then Thi<j (Ct) > 1. 

Finally we show that the curve is (strongly) c-critical with the given endpoint 
constraints by showing it is regularly balanced. 

There is a one-parameter family of struts joining each point on the shoulder arcs 
to the opposite tip. By Lemma 8.2 the strut measure ds on these struts balances the 
shoulders. Further, this measure generates a strut force measure of magnitude x at 
the tip. By Lemma 6.13 this is balanced by a function on the kink if and only if 
the angle of the kink is arcsin(r/2). But this is true by construction. As before, Ct is 
normal to the constraint planes at the endpoints of the arc, so the endpoint conditions 
of Theorem 15 . 1 01 are satisfied as well. 



This completes the proof of Proposition 8.7 □ 



8.4 The Gehring regime 

We have now described the clasp structures in very stiff rope with a > 



2-V4-T 2 

These are characterized by kinked circle arcs in balance with shoulder arcs. We now 
jump to the opposite end of the spectrum and describe cl asps in very flexible rope 



will combine features 



with a < \J\-x 1 . The generic clasp, described in Section I 
from both of these situations. 

InJCFK+061, we gave a critical clasp structure for the "link-ropelength problem" 
where the two arcs of the clasp are required to stay 1 unit apart and obey endpoint 
constraints, but no curvature constraint is enforced. The main result of the present 
section is the following, which states that the curvature condition is satisfied in the 
region a < \J\-x 1 of the (x, c)-plane. Except for this condition the statement re- 
produces Theorem 9.5 of |CFK + Q6l . with slight modifications in the notation. 

Theorem 8.9 Suppose o < yl — X 2 . Consider the curve C\ in the xz-plane given 
parametrically for u € [— X,x] by 

x = x T (u)= ==, (20) 

^/1-u 2 (t-\u\) 2 

dz , f u du 



z=z ^ := Ir x dx= J 



Vl-u 2 k-t(m) ' 



where 



v {l-U 2 (T-\u\) 2 ) 3 (l-(T-\u\) 2 ) 

KtW ' i-(t-H) 2 + (t-H)H(i- m 2 ) K ' 
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and the constant of integration for z is chosen so that 



z(0) + z(t) = -v / 1-t 2 . 

There is a curve C2 in the yz-plane, congruent to C\ and lying at distance exactly 
1 from C\, such that Cce '■— C\ UC2 is 2*2 symmetric, with Thi a (Cce) — 1, and is 
critical for the (t, (j)-clasp problem. 

Remark 8.10 As described in [CFK + 06|, the parameter u equals the sine of the angle 
between the tangent to C\ and the x-axis. The function K T is the curvature. Each point 
(x(u),Q,z(u)) £ C\ is connected by two struts of length 1 to symmetrically located 
points (0,±x(u*), — z(u*)) € C2, where u + u* = T. These struts bear a strut measure 
which balances the curvature measure on each arc of the curve. 

Following ICF K + 06l . the parameters u, u* as above are said to be conjugate. 
Likewise, a subarc AcCi corresponding to c < u < d is said to be conjugate to the 
subarcs of C2 corresponding to T — d < u* < % — c. In other words the conjugate arcs 
to A are precisely the subarcs of C2 that are joined to A by struts. 

Proof The only thing to check is that the curvature function K r (u) < l/a when u £ 
[0, t] . To prove it, it will be convenient to define a , j3 , 7 € [0, f ] by 

sina = «, sinj3 = t — sin a, sin y = sin a sin /3 . 

Then by ((21} 

cosj3cos 3 y cos 3 r cosy 

K z (u) = K T sin a = 2 o ■ i< o- ( 22 ) 

cos z p +sinycos z a cosp cosp 

Furthermore 

11 11 



since T > sin j3 . Therefore 



as desired. 



1 1 cosy , , 
a cosp cosp 



8.5 The generic regime 

We now describe the most complicated clasps. As the stiffness of the curve decreases 
from the transitional regime, the transitional clasp develops a self-contact in the mid- 
dle of the straight segment. This contact causes the straight segment to split into two 
straight segments, with an arc of the Gehring clasp of Theorem 8.9 between them. 
The kink and shoulder arcs remain, though they become smaller (they will eventually 
vanish) as the stiffness continues to decrease. These clasps are pictured in Figure|7] 
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shoulder 



Gehring 



(0.8,0.8) Generic Clasp 



8.11 



with (t,<t) 



Fig. 7 This diagram shows the construction of the generic clasp of Proposition 
(0.8,0.8). The dotted lines are the intersection of two faces of the bounding tetrahedron with the Jtz-plane. 
The generic clasp consists of a kinked circle arc of radius o~, a straight segment, an arc of the Gehring 
clasp, another straight segment, and a "shoulder" circle arc of radius 1 . The length of the straight segments 
is exaggerated on this picture; their true length is close to the width of the lines used to draw the radii. 



Theorem 8.11 Suppose 



> a > VT 



2-V4-T 2 

1. There exists a unique solution (0!,/3, to the system of equations 



sin a + sin /3 = x, 
sin 7 = sin a sin B 
b 



(23a) 
(23b) 



sin jS 



a sin a + a(l -cos a) (23c) 



bcosB = sinj3 — 



cos a sin B 
cos y 



sin a cos B 

acosa = a sin a, 

cos y 



(23d) 
(23e) 



with a,j3,7G [0,7r/2], sina < T / 2 > and a,b > 0. 
2. Given this solution, there is a C l curve Cr in the right half-plane of the xz-plane 
as shown in Figure^ consisting of the following pieces joined in succession: 

— a kinked circle arc of angle a, meeting the z-axis orthogonally 

- a straight segment of length a 



— the arc CC < u < B arc of the Gehring clasp of Theorem 8.9 

— a straight segment of length b 

— a "shoulder" circle arc of radius I from angle B to angle arcsinT. 
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Furthermore, if we denote by Cr the corresponding 2 * 2-symmetric curve, the tip 
of whose second component lies at the center of the shoulder arc of the first, then 
the Gehring arcs of the two components of Cp are conjugate. 

3. Thi CT (C r ) = 1. 

4. Cr is critical for the (t, (j)-clasp problem. 

Proof ([TJ: Let us change our point of view by taking % as given, and viewing ( |23| ) 
as a 1 -parameter family of systems in the unknowns a,B,y,a,b as the parameter a 
varies from to arcsin |. It is clear that ( |23a[ ), ( |23b| i, ( |23d| i determine B,y,b uniquely, 
with b > since 

cos y = yl — sin 2 y = yl — sin 2 a sin 2 B > V 1 — sin 2 a = cos a. (24) 

Solving ( |23c| i, ( |23e[ ) for a, a and substituting the value for b arising from ( |23d| i, we 
obtain 

sin 2 a cos 2 B + cos 2 a —cos a cos y cosy — cos a (1 + cos a) cos/3 
(1 — cos a) cos/3 cosy (1 — cos a) cos /3 cos y+ cos a 

(25) 

and 

„/ 1 1+cosa \ _ cos a (1— cosy) 

a = tan a cos p = tan a cos p ^- > 0. 

\cosy cosy+cosay cosy(cosy+cosa) 

(26) 

Thus we may show that ( |23] l is uniquely solvable in the original sense, with a 
given and a unknown, by establishing that ( |25] l expresses (J as a continuous strictly 

/4+T 2 -2 



increasing function of a, with ff(arcsin(' r /2)) = ^ ^ — \ an( ^ CT (0) = Vl — T 2 . The 

latter relations may be verified directly, and continuity of <7 is trivial. To prove that 
a is strictly increasing, since sina and siny = sina(r — sina) are both increasing in 
the range < sin a < |, it is clear that both cos a and cos y are decreasing functions 
of a. Thus it remains only to show that the numerator (1 + cos a) cos /3 of ( |2"5j ) is 
increasing as a function of u :— sina e [0, ^/j} - Since 

d d . d 

— cosa = — tana, —sinp = — 1, —cosp=tanp, 
du du du 

we compute 

— (1 +cosa)cosj3 = -tanacos/3 + (1 +cosa)tanj8 > tan/3 -tana. 

But sin a + sin j3 = % and sin a < T /2> so 

sin/3 > sina => j3 > a ==> tanj3 > tana. 

|2| Letting x(m) = x T (u) denote the parametrization of the Gehring arc given 
in pOt , the x-coordinates of the two endpoints of this arc are 

sin a cos B cos a sin B 

jc(sma) = , jc(sinp) = 

cos y cos y 
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by ( |23a| i and pO) . On the other hand the ^-coordinates of the inner endpoints of the 
kink and the shoulder arcs are given by a sin a, sin /3 respectively. Since by part ([TJ 

, . s . sinacos/3 

a cos a = x(sina) — a sin a = a sin a > 0, 

cosy 

a a /• m a COSasinj3 

bcosp = sinp — x(sinp) = sinp > 0. 

cosy 

we may interpolate straight segments of lengths a, b between the kink and the Gehring 
arc, and between the Gehring arc and the shoulder, respectively, to obtain a C 1 curve 
Cr as described. 

Next we show that the Gehring arcs of the two components of Cr are conjugate 
to each other provided the components are situated with the tip of one at the center 
of the shoulder of the other. Referring to Figure [7] this is to say that the point C3 is 
the projection to the xz-plane of the point s\ of the other component that corresponds 
to S2- If the center of the shoulder arc (which is the tip of the other component) is 
the origin then the z-coordinate of C3 is clearly b/smfi. On the other hand, since 
the two components are congruent the z-coordinate of equals the difference in the 
z-coordinates of S2 and the tip of Cr- Equating these two, 

a sin a + (7(1 — cos a) 



sinj3 



which is ( |23c| i. 

(|3): We show first that the curvature of Cr is no more than l / a . The kink, shoulder, 
and straight segments clearly obey this bound, so we need only check the Gehring 



clasp arc. We parametrize this arc by u G [sin a, sin j3] as in Theorem 8.9 Viewing 
cr = (J (a) as in ( |2~5) l above, we must check that 

Kr(u) < l/ a(o) (27) 

on this interval. We carry this out for the two subintervals [sin a, T /2]> [ T /2iP] sepa- 
rately. 

Since cr(of) is strictly increasing in a for sin a € [0, t/2], for u in this range we 
have 1 / cr ( t< ) < Vff(a) an( ^ ^ suffices to show k t (u) < Vtj(H)- Define a' by sin a' = u, 
and J3',y analogously to ( |23a[ ) and ( |23b| i. Then 

, v cos/3'cos 3 y / cosj3'cos 3 y / cos/ 

K z (u) = K- T (sina' = 101 j 1 , < < 7Tr 

cos^p' + sin/cos^a' cos 2 j3' cosj3' 



On the other hand, by 



1 cos Y + cos a' 

a(u) (1 +cosa')cosj3' 



and ( |27] i follows easily. 
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To cover the range u £ [t/2, sin/3] it suffices to prove that K T (u*) < V<t(m) f° r 
u e [sin a, x /2\, where u + u* = T (i.e., u,u* are conjugate). Since replacing u by u* 
exchanges the variables a' and /S' and leaves / unchanged, 

t cos a' cos 3 / ^. cos 3 / ^ cos/ 

T cos 2 a' + sin/ cos 2 j3' ~~ cos a' ~~ cos a'' 

On the other hand, 

1 cos / + cos a' cos/ + cos /cos a' cos/ 



a{u) (1 +cosa')cos/3' (1 +cosa')cos/3' cos/3'' 

Now ( p7| i follows from the fact that sin a' < T / 2 < sin/3'. 

Next we claim that all critical pairs (p,p*) of the distance between the compo- 
nents of Cr satisfy \p — p*\ > 1. To simplify the discussion we will put Cf for the 
part of the second component lying in the y > part of the yz-plane, and consider 
only those pairs with p £Cr,p* &C r . 

The claim is clearly true if p lies on the Gehring arc, since in this case p* is the 
conjugate point of the Gehring arc of C r . 

Note that if (p,p*) is a critical pair then the projection of the segment pp* to the 
xz-plane is a line segment perpendicular to Cr at p and with the other endpoint on 
the z-axis. Now if we denote by z* (p) the z-intercept of the normal line through Cr at 
p, then z* is an increasing function of the x-coordinate of p. (This is obvious for the 
circle arcs and line segments, and true for the Gehring arc by construction.) 



By Lemma 8.3 if p lies on the shoulder arc or the kink then p* is the tip of 
Cf . In the shoulder case \p — p*\ = 1 by construction. To handle the kink case we 
note that every point of Cr lies at distance > 1 from the tip of Cf : otherwise Cr 
crosses the circle of radius 1 about the origin in the xz-plane at some point p. Since 
the slope of Cr must be less than the slope of the circle at this point, it follows that 
z*{p) > Z*(s4.) = 0. But z*(p) < by monotonicity. 

By monotonicity of z* again, and symmetry, it remains only to consider the case 
where p E S\S2 and p* £ However, since the lines generated by these segments 
are skew, there is at most one such critical pair. This pair is p = S2,p* = s|, i.e., the 
common endpoints of the segments and the Gehring arcs. 

Q: We will show Cr is regularly balanced. 

There is a one-parameter family of struts joining each point on the shoulder arcs 



to the opposite tip. By Lemma 8.2 the strut measure ds on these struts balances the 



shoulders. Further, this measure generates a strut force measure of magnitude z at the 



tip. By Lemma 6.13 this is balanced by a function on the kink if and only if the 
angle of the kink is arcsin(r/2). But this is true by ( |23a[ ). The straight segments bear 
no strut force and have T' — 0, so they obey the balance equation as well. Further, the 
Gehring arcs obey the balance equation by construction. 

As before, Cr is normal to the constraint planes at the endpoints of the arc, so the 



endpoint conditions of Theorem 5.10 are satisfied as well 



This completes the proof of Theorem |8.1 1| □ 
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8.6 Geometry of the tight clasps 

To compare the length of various clasps with the same T, but different a without 
fixing a particular bounding tetrahedron, we define the excess length of a (t, ct) clasp 
to be the difference between the length of the clasp and 4 times the inradius of the 
bounding tetrahedron. As a increases, we are strengthening the curvature constraint, 
and we expect the excess length to increase. 

While the excess length of the kinked and transitional clasps can be computed ex- 
actly, the length of the Gehring clasp (and the generic clasp, which includes a Gehring 
arc) is only known as the solution of a certain hyperelliptic integral llCFK + 06l . We 
constructed all of our clasps numerically, checking the thickness and curvature of 
each with octrope [AC05|, and computing the excess length by numerical integra- 
tion. The results are shown in Figure [8] shows the relationship between excess length 
and a for the clasps with T = 0.8. 



o.io 



0.08 



0.06 



0.04 



0.02 




0.5 0.6 0.7 0.8 0.9 0.90 0.95 1.00 1.05 1.10 

Fig. 8 This set of graphs shows the relationship between excess length and o~ for our solutions to the (t, o") 
clasp problem with T = 0.8. The excess length of the Gehring clasp for this value of T is 2.10308. The 
graph shows the increase in excess length as a function of o~, expressed as a percentage of the excess length 
of the Gehring clasp. For example, at o~ = 1.05, our (fully kinked) solution is a clasp 1.5% longer than 
the Gehring clasp. The boundary between the Gehring regime and the generic regime occurs at a = 0.6, 
the boundary between the generic and transitional regimes at a = 0.927 and the boundary between the 
transitional and kinked regimes at o~ = 1. The graphs show that as o~ decreases, relaxing the curvature 
constraint, the clasp is able to become shorter. Note that decreasing o~ below the Gehring/generic boundary 
has no further effect, as the Gehring clasps for a < 0.6 are all the same curve (the curvature constraint 
is not active). Note also that the excess length function appears to be C across the Gehring/generic and 
generic/transitional boundaries, but clearly has a corner at the transitional/kinked boundary. 

How much length can be saved by relaxing the curvature constraint? The excess 
length of the kinked a = 1 clasp with x = 0.8 is 2.109180872 and that of the Gehring 
clasp with a = l / 2 and T = 0.8 is 2.103080861; these differ by about 0.3%. For 
T = 1 - 10~ 9 , the excess length of the kinked a = 1 clasp is 4.28318530 and that 
of the generic a — l/j clasp is 4.26309458; these differ by about 0.46%. We can 
compare this to the Gehring (a = 0) clasp excess length of 4.262897, which is about 
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0.5% less than that of the a — 1 clasp. We can see from this example, and from the 
graphs in Figure[H]that very little length is saved over the generic regime. 

One of the most striking features of the Gehring clasp was a small gap between 
the two tubes. This gap formed a small chamber between the two tubes as they were 
pulled together. We have already seen that the same gap exists in the generic solutions, 
as we showed above that the tip-to-tip distance was greater than 1 . In fact, the tip-to- 
tip distance is monotonic in a for each value of T, as we see in Figure [9] For smaller 
values of T, the maximum tip-to-tip distance decreases as well, reaching 1 only for 
the trivial z = clasp. The maximum tip-to-tip distance, about 1.05653 times the 
tube diameter, occurs at the Gehring (l,0)-clasp. The generic (1,1) clasp still has a 
tip-to-tip distance about 1 .05482 times the tube diameter. 




stiffness o~ 

Fig. 9 This graph shows the tip-to-tip distance for the T — 1 (upper curve) and X = 0.8 (lower curve). We 
can see that in all the kinked clasps (o~ > 1) the tips are in contact, as the tip-to-tip distance is 1. As the 
stiffness decreases, the force exerted by the shoulder arcs pushes the tips apart, creating a gap between the 
tubes. We mark the transition between the kinked, transitional, generic, and Gehring regimes with small 
dots. We can see that the gap size increases monotonically as o~ decreases until the transition to the Gehring 
clasp regime. At that point, the curvature constraint is no longer active and further decreases of o~ do not 
change the curve or the tip-to-tip distance. 
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